Vector calculus

m In this lecture we will: m Some comprehension questions for
¢ Sketch out how we can derive a this lecture.
potential from a field using line ¢ What is the potential associated
Integrals. with the field:
¢ Do an example to check it works! yZ+2Xy
¢+ Look at a physical example: E(X,y,2) =| X" +xz+2° |?
deriving the electric potential Xy + 2yz

from the electric field.

¢ Mention a caveat: there are some
fields that cannot be derived from
potentials.



Deriving a potential from a field

m We have seen that we can get a field
from a potential: F(X,y,z) = Vo(X,V, 2).

m Suppose we have a field F(x,y),
can we derive from this the
associated potential ¢(x, y)?

m lllustrate idea in 2D (more formal
proof in text books!).

P00

Consider stepping from A to B in the
scalar field ¢(x, y).

Change in ¢ Is o¢, given by slope in
direction of movement and step
length.

For step dx In x direction:

5, ~ 6"’(8);’ Y) 5x = E.6x.

For subsequent step oy in y direction
OP(X + OX,
5, ~ ¢ Y) sy

o0(X,Y)

~y
~y

oy ~ F,oy.

If step in x then y, 8¢ ~ 6¢, + 60,.



Deriving a potential from a field

m Rewriting this:
o0 ~ F ox +F, oy.

m Now take n steps from initial position
| to final position f:

The total change

In ¢ Is then

D 8¢, & > F (X, Y,) 8%, +F,(X,.Y,)dY,

Taking the limit of infinitely many
Infinitely small steps:

[do=[F (x,y)dx+F,(x,y)dy

C

o= (X, Yi)"'.

:d)(xi’ Yi)+.

[(F,. F,)-(dx, dy)

C

[F-dr

C
The subscript C tells us to move
along curve fromito f.

If start at (O, 0) and move to (X, y) we
have “climbed” ¢(X, y) - ¢(0, 0).



Deriving a potential from a field

dx(t) _ dxt « dy(t)

m Example: m Using =X and ——==Y,
m Field E(x,y) =(2x+y X). ?t dt 1dt
m Find the associated potential, b=0,+ _[ [2(xt) + (yt)] x x dt+ j (xt) x ydt
— 0 0
b=b,+|E-dr - PR
¢ =y +—x (2X° + Xy) + —x Xy
m Integrate along ?(t):(x(t) y(t)) 2 2 0
:(Xt yt),t:O]. :(I) +X2+ﬁ+ﬁ
m Then: . ° 2 2
00,Y) = 8, + [E(x(,y(0)- Tt =4 + X7 +Xy.
0 m Check:
¢ ax (t
:d)o +. EX(X(t)’y(t)) di ) dt 52)(2 +Xy+¢o y)
S X X+Yy _
1 dy(t) e :[ X ]:E
4y — X"+ XY+
+ ! E, (x(0) y(1)) = = dt oy o



Electric potential from electric field

m Electric field due to point charge

given by:

X

No|w

(x2+y2+22)
E g y

No|w

4ne, (x2 +y°+ 22)
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(x2+y2+22)

m Write _Y = K.
4re,
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m Using line integral method:

(I):(I)o"'

with 1(t) =| yt | and taking the path

Zt
to be from t =0 to t =1 as before.
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Electric potential from electric field

m Look at E, integral: m One solution is to change the path.
r m Move from point at infinity to
fE _dt_ j ngt position (X, Y, z) then have:
o o (<)’ +(yt) +(20)°) 2 g
1 t J.E _dt— 3
:K gj § (X2+y2+22)2 t -
(x +y°+2°) o t2)2 e
=-K .
2 1 3
_K X 3It12 dt (x2+y2+22)2
2 2 2\2
(X Ty +z ) ° m Repeat for E, and E, and add results:
K G _11 d):(l) _K(X +Y +Z):_ q 1
(X2 +y2+22)% t 0. (X2 +y2_|_ 22)2 47[:80 r

m Note minus sign, not present when
“physics convention used, we have

m There 1s a problem, can’t evaluate one . = -
decided E =-V¢ not E = V4.

limit of integral: E infinite at origin!



Caveat: fields that are not derivable from potentials

1 1
m Recall from lecture 6: Vx (V¢) = 0. m SO p=¢,+ xyz_[t2 dt + (xyz —3y22)jt2dt
m Hence, a vector field derived from a 0 0

. — 1 1
[S);)ttii?:llavl,xeég.zlzo.: V¢, must always XYz J'tzdt + 952 jtdt
m Conversely, a field for which the curl @ !
IS not zero cannot be derived from a =, + xyz— +(xyz —3y* z)
potential. 0
yz Lt

FXYZ— +22° —
y 3 2

m Eg F=|xz-3yz|.
Xy + 22
m Using our prescr1pt10n

0

= =0, +Xyz—-y’z+2°.

m Now calculate field:
o= ¢0+jytztxdt+j(xtzt 3ytzt)ydt yz
V(xyz-y’z+2z°)=| xz-2yz |#F
+j(xtyt +2zt)z dt. Xy —y° + 2z
0



