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Previous Work

* Characterise an arbrtrary magnetic field in terms of it'stipole
expansion and generalised gradients to produce an aralgléscription
of field as a fuction of the longitudinal coordinate

* Use the analytical expression in differential algebra @ dlgebra code to
generate a Taylor or Lie (symplectic) map for the dynamiahemagnet.

* Evaluate the analystical expressions to perform a nunientsgration
giving a fast particle tracking code to describe the evolubf the
canonical coordinates within the magnet.

* The C++ code that has been has been written has a modulaustruc
which facilitates extending the code

« A Synchrotron Radiation Module is being implemented whialtalates
the synchrotron emission from a particle into an arbitrargréure

* eg ILC Helical undulator
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Advantages of an Elliptical Field Map

* The accuracy of the analytical field, increases expondniraide the
initial cylinder.
* It helps to have the initial cylinder as large as possible.

 In many situations an elliptical field map has advantages:

* Wiggler sytems, where the gap height is much smaller then the
horizontal aperture.

« EMMA: The beam excursion is larger horizontally, than veatly.
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Elliptical Coordinate System (u,V)

gl i | LI -

EIIss have common foci ai
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The General Scalar Potential

x = f cosh(u)cos(v), y= f sinh(u)sin(v)

In cylindrical coordinates:

(x,y, z Z/ dk G, (k) exp(1kz) exp(emo) L, (kp)

In elliptical coordinates:

(z,y, z Z / dk G (k) exp(1kz)Cen(u, q)cem (v, q)

G, (k) are arbitrary coefficients, and the proddétr(u, g)cer (v, ¢) forms a
complete analytical function ite, y) - similarly with exp(vmae) I, (kp).
Cem(u,q) andce,, (v, q) are Mathieu functions,

¢ = —*L" is related to the longitudinal wave vectar,
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Connection Coefficients

Additionally, there exists identities between elliptieald cylindrical
functions:

Ce,(u,q)ce.(v,q) Z a; (k) Iy (kp)cos(me)

and

Se,(u,q)se-(v,q) Z B (k) Ly, (kp)sin(mae)

The key to calculating generallsed gradlents from an elbtfieldmap lies
In solving the Mathieu equations and calculating the conoecoefficients,

ay, (k) andgy, (k).
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Mathieu Functions

d2
d—ug + [a — 2qcos(20)]Q = 0

also, the modified Mathieu function:
d*P
du?
We need solutions to the Mathieu equation that are periodia-iand these
solutions only exist for certain specific values of the sapan constanty.
There are two sets of solutions that are even or agddy) andb,,(q)

— |a — 2g cosh(2u)|P =0

Note that if A\ = —[a — 2¢ cos(2v)] the Mathieu equation can be written
d*Q
— —AQ =0
du? @

which if A < 0 gives the equation for a harmonic oscillator, so we would

expect oscillatory behaviour from the solution.
If A > 0, the equation is similar to the Schrodinger equation in aélimg
region, so we would expect the solution to decay expondytial
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A functions for se,, (v, —2)




Mathieu Solutions, ses (v, —2)




Mathieu Solutions, se; (v, —2)




A functions for ce,, (v, —300)




Mathieu Solutions, ce;(v, —300)

ce,(v,-300)

1.5




Numerically Integrating Mathieu Equations

* An Adams predictor-corrector integrator was used to sdieeMathieu
equations

* Accurate to~ O(h'!)

* Probably overkill, but | had problems with lower order intatprs -
needs optimising

* |If you need a numerical integrator, see me

* By making use of symmetries in the solutions, we only needtegrate
the Mathieu functions from O te /2

* Furthermore, when the equation is in a 'tunneling’ regioncaa insist
that the function doesn’t grow

* When the solution does integrate2o in a stable manner we can check
the periodicity conditiorQ(0, q) = Q(27, q)
* Gives reassurance that the separation coefficients angl@tsd
accurately
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Normalising the Mathieu Equations

Like their trigonometric counterparts, the functiases, (v, q) andse, (v, q)
and are normalised so

2m
/ dv ce, (v, q)sen(v,q) = Tmn
0

By simultaneaously solving this equation and the Mathiauaéqn, the

normalisation constant can be found.
Similarly, the modified Mathieu equation needs integrang normalising to

find the solutiong’e,,, (u, q) andSe,, (u, q).
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Calculating the Connection Co-
efficients

There are well known equations for calculating the conoectoefficients of
the form:

Oty = ge T (k) Agn'iy (q)

where,

go" T (k) = [cehni (7/2, ) ce2nt1(0, @)]/[kf AT (q)]

and A (q) is the Fourier coefficient of the Mathieu solutiam,,, i.e.

cen(v,q) = Z Al (q)cos(mo)
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Calculating the Generalised Gradients

Nearly ready to calculate the generalised gradiefifs,
In cylindrical form:

.l o0
cl (z) = : / dk exp(ikz)k!Tm—1

m,s ~ 9mypl

b
I, (kR)

— 0

b,, are the 2D fourier coefficients of the field map. and in eltiptiform:

7! > , = Fs(k
Cll (z) = / dk exp(ikz)k"™ > " B, (k) — (é)q)
r=0 A=

2mm! )

Here, to findF? (k) we perform a Fourier transform in the longitudinal (z)
axis, to findF (v, k) and in the elliptical (v) axis we perform the integration:

Fi(k) = 1 /OO dv se,. (v, Q) F (v, k)

7T—OO
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On-Axis Field Comparison, B,
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On-Axis Field Comparison, B,
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Future Work

* Describe the Field from the EMMA magnets in terms of GGs

* Presently, the large excursion transports the particlsioathe
bounding cylinder where numerical innacuracies grow uaptably
large

* Comparison with Yoel's work

* Application for helical undulators?

* Work on synchrotron emission (ILC) undulators still ongpin
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