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I. INTRODUCTIONThe long-sought Higgs boson(s) h of ele
troweak symmetry breaking in parti
le physi
smay soon be observed at the CERN Large Hadron Collider (LHC) through the diphotonde
ay mode (h → γγ). Purely hadroni
 standard model pro
esses are a 
opious sour
eof diphotons, and a narrow Higgs boson signal at relatively low masses will appear as asmall peak above this 
onsiderable ba
kground. A pre
ise theoreti
al understanding of thekinemati
 distributions for diphoton produ
tion in the standard model 
ould provide valuableguidan
e in the sear
h for the Higgs boson signal and assist in the important measurementof Higgs boson 
oupling strengths.In this paper we address the theoreti
al 
al
ulation of the invariant mass, transverse mo-mentum, rapidity, and angular distributions of 
ontinuum diphoton produ
tion in proton-antiproton and proton-proton intera
tions at hadron 
ollider energies. We 
ompute all 
on-tributions to diphoton produ
tion from parton-parton subpro
esses through next-to-leadingorder (NLO) in perturbative quantum 
hromodynami
s (QCD). These higher-order 
ontri-butions are large at the LHC, and their in
lusion is mandatory for quantitatively trust-worthy predi
tions. We resum initial-state soft and 
ollinear logarithmi
 terms asso
iatedwith gluon radiation to all orders in the strong 
oupling strength αs. This resummationis essential for physi
ally meaningful predi
tions of the transverse momentum (QT ) distri-bution of the diphotons at small and intermediate values of QT , where the 
ross se
tion islarge. In addition, we analyze the �nal-state 
ollinearly-enhan
ed 
ontributions, also knownas `fragmentation' 
ontributions, in whi
h one or both photons are radiated from �nal-statepartoni
 
onstituents. We 
ompare the results of our 
al
ulations with data on isolateddiphoton produ
tion from the Fermilab Tevatron [1℄. The good agreement we obtain withthe Tevatron data adds 
on�den
e to our predi
tions at the energy of the LHC. The presentwork expands on our re
ent abbreviated report [2℄, and it may be read in 
onjun
tion withour detailed treatment of the 
ontributions from the gluon-gluon subpro
ess [3℄.Our attention is fo
used on the produ
tion of isolated photons, i.e., high-energy photonsobserved at some distan
e from appre
iable hadroni
 remnants in the parti
le dete
tor.The rare isolated photons tend to originate dire
tly in hard QCD s
attering, in 
ontrast to
opiously produ
ed non-isolated photons that arise from nonperturbative pro
esses su
h as
π and η de
ays, or from via quasi-
ollinear radiation o� �nal-state quarks and gluons.We evaluate 
ontributions to 
ontinuum diphoton produ
tion from the basi
 short-distan
e 
hannels for γγ produ
tion initiated by quark-antiquark and (anti)quark-gluons
attering, as well as by gluon-gluon and gluon-(anti)quark s
attering pro
eeding througha fermion-loop diagram. At lowest order in QCD, a photon pair is produ
ed from qq̄ anni-hilation [Fig. 1 (a)℄. Representative next-to-leading order (NLO) 
ontributions to qq̄ + qgs
attering are shown in Fig. 1 (b)-(e). They are ofO(αs) in the strong 
oupling strength [4, 5℄.Produ
tion of γγ pairs via a box diagram in gg s
attering [Fig. 1 (h)℄ is suppressed by twopowers of αs 
ompared to the lowest-order qq̄ 
ontribution, but it is enhan
ed by a produ
tof two large gluon parton distribution fun
tions (PDFs) if typi
al momentum fra
tions xare small [6℄. The O(α3

s) or NLO 
orre
tions to gg s
attering in
lude one-loop gg → γγgdiagrams (i) and (j) derived in Ref. [7, 8℄, as well as 4-leg two-loop diagrams (l) 
omputedin Ref. [9, 10℄. In this study we also in
lude subleading 
ontributions from the pro
ess (k),
gqS → γγqS via the quark loop, where qS =

∑
i=u,d,s,...(qi + q̄i) denotes the �avor-singlet
ombination of quark s
attering 
hannels. 2
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(k) (l)Figure 1: Representative partoni
 subpro
esses that 
ontribute to 
ontinuum diphoton produ
tion.All leading-order and next-to-leading order dire
t produ
tion subpro
esses, i.e., 
ontributions (a)-(e) and (h)-(l), are in
luded in this study. Diagrams (f) and (g) are examples of single-photon one-and two-fragmentation.Fa
torization is a 
entral prin
iple of hadroni
 
al
ulations in perturbative QCD, in whi
ha high-energy s
attering 
ross se
tion is expressed as a 
onvolution of a perturbative partoni

ross se
tion with nonperturbative parton distribution fun
tions (PDFs), thus separatingshort-distan
e from long-distan
e physi
s. The 
ommon fa
torization is a longitudinal no-tion, in the sense that the 
onvolution is an integral over longitudinal momentum fra
tions,even if some partons in the hard-s
attering pro
ess have transverse momenta that border thenonperturbative regime. Unphysi
al features may then arise in the transverse momentum(QT ) distribution of a 
olor-neutral obje
t with high invariant mass (Q), su
h as a pair ofphotons produ
ed in hadron-hadron 
ollisions. When 
al
ulated in the 
ommon fa
torizationapproa
h at any �nite order in perturbation theory, this distribution diverges as QT → 0,signaling that infrared singularities asso
iated with QT → 0 have not been properly iso-lated and regulated. These singularities are asso
iated with soft and 
ollinear radiation frominitial-state partons shown by the diagrams in Figs. 1 (b), (d), and (i).A generalized fa
torization approa
h that 
orre
tly des
ribes the small-QT region wasdeveloped by Collins, Soper, and Sterman (CSS) [11℄ and applied to photon pair produ
-tion [7, 12, 13℄. In this approa
h the hadroni
 
ross se
tion is expressed as an integral overthe transverse 
oordinate (impa
t parameter). The integrable singular fun
tions presentin the �nite-order di�erential distribution as QT → 0 are resummed, to all orders in thestrong 
oupling αs, into a Sudakov exponent, and a well-behaved 
ross se
tion is obtainedfor all QT values. As explained in Se
. II, our resummed 
al
ulation is a

urate to next-to-next-to-leading-logarithmi
 (NNLL) order. It is appli
able for values of diphoton transversemomentum that are less than the diphoton mass, i.e., for QT < Q. When QT ∼ Q, termsof the form lnn(QT /Q) be
ome small. A perturbative expansion with a single hard s
ale isthen appli
able, and the 
ross se
tion 
an be obtained from �nite-order perturbation theory.3



In addition to the initial-state logarithmi
 singularities, there is a set of important �nal-state singularities whi
h arise in the matrix elements when at least one photon's momentumis 
ollinear to the momentum of a �nal-state parton. They are sometimes referred to as`fragmentation' singularities. At lowest order in αs, the �nal-state singularity appears onlyin the qg → γγq diagrams, as in Fig. 1 (e). There are various methods used in the literatureto deal with the �nal-state singularity, in
luding the introdu
tion of expli
it fragmentationfun
tions Dγ(z) for hard photon produ
tion, where z is the light-
one fra
tion of the interme-diate parton's momentum 
arried by the photon. These single-photon �one-fragmentation�and �two-fragmentation� 
ontributions, 
orresponding to one or both photons produ
ed inindependent fragmentation pro
esses, are illustrated by the diagrams in Figs. 1 (f) and (g).In addition, a fragmentation 
ontribution of entirely di�erent nature arises when the γγ pairis relatively light and produ
ed from fragmentation of one parton, as dis
ussed in Se
s. II C 2and IIIA 3. A full and 
onsistent treatment of the �nal-state logarithms beyond lowest orderwould require a joint resummation of the initial- and �nal-state logarithmi
 singularities.In the work reported here, we are guided by our interest in des
ribing the 
ross se
tionfor isolated photons, in whi
h the fragmentation 
ontributions are largely suppressed. Atypi
al isolation 
ondition requires the hadroni
 a
tivity to be minimal (e.g., 
omparable tothe underlying event) in the immediate neighborhood of ea
h 
andidate photon. Candidatephotons 
an be reje
ted by energy deposit nearby in the hadroni
 
alorimeter or the presen
eof hadroni
 tra
ks near the photons. A theory 
al
ulation may approximate the experimentalisolation by requiring the full energy of the hadroni
 remnants to be less than a threshold�isolation energy� Eiso
T in a 
one of size ∆R around ea
h photon. The two photons must bealso separated in the plane of the rapidity η and azimuthal angle ϕ by an amount ex
eedingthe resolution ∆Rγγ of the dete
tor. The values of Eiso

T , ∆R, and ∆Rγγ serve as 
rude
hara
teristi
s of the a
tual measurement. The magnitude of the �nal-state fragmentation
ontribution depends on the assumed values of Eiso
T , ∆R, and ∆Rγγ .An additional 
ompli
ation arises when the fragmentation radiation is assumed to beexa
tly 
ollinear to the photon's momentum, as implied by the photon fragmentation fun
-tions Dγ(z). The 
ollinear approximation 
onstrains from below the values of z a

essibleto Dγ(z): z > zmin. The size of the fragmentation 
ontribution may depend strongly on thevalues of Eiso

T and zmin as a 
onsequen
e of rapid variation of Dγ(z) with z.In our work we treat the �nal-state singularity using a pres
ription that reprodu
es desir-able features of the isolated 
ross se
tions while bypassing some of the te
hni
al di�
ultiesalluded to above. For QT > Eiso
T , we avoid the �nal-state 
ollinear singularity in the qgs
attering 
hannel by applying quasi-experimental isolation. When QT < Eiso

T , we applyan auxiliary regulator whi
h approximates on average the full NLO rate from dire
t qg andfragmentation 
ross se
tions in this QT range. Two pres
riptions for the auxiliary regulator(subtra
tion and smooth-
one isolation inside the photon's isolation 
one) are 
onsideredand lead to similar predi
tions at the Tevatron and the LHC.We begin with our notation in Se
. IIA, followed by an overview of the pro
edure forresummation of initial-state multiple parton radiation in Se
. II B. The issue of the �nal-state fragmentation singularity is dis
ussed in Se
. II C. Our approa
h is 
ompared with thatof the DIPHOX 
al
ulation [14℄, in whi
h expli
it fragmentation fun
tion 
ontributions arein
luded at NLO, but all-orders resummation is not performed. Our theoreti
al frameworkis summarized in Se
. IID.In Se
. III we 
ompare the predi
tions of our resummation 
al
ulation with Tevatron4



data. Resummation is shown to be important for the su

essful des
ription of physi
al QTdistributions, as well as for stable estimates of the e�e
ts of experimental a

eptan
e ondistributions in the diphoton invariant mass. We 
ompare our results with the DIPHOX
al
ulation [14℄ and demonstrate that the requirement QT < Q further suppresses the e�e
tsof the �nal-state fragmentation 
ontribution, beyond the redu
tion asso
iated with isolation.Next, we present our predi
tions for distributions of diphoton pairs produ
ed at the energyof the LHC. Various distributions of the diphoton pairs produ
ed from the de
ay of a Higgsboson are 
ontrasted with those produ
ed from QCD 
ontinuum pro
esses at the LHC,showing that enhan
ed sensitivity to the signal 
an be obtained with judi
ious event sele
tion.Our 
on
lusions are presented in Se
. IV.II. THEORY OVERVIEWA. NotationWe 
onsider the s
attering pro
ess h1(P1) + h2(P2) → γ(P3) + γ(P4) + X, where h1 and
h2 are the initial-state hadrons. In terms of the 
enter-of-mass 
ollision energy √

S, theinvariant mass Q, transverse momentum QT , and rapidity y of the γγ pair, the laboratoryframe momenta P µ
1 and P µ

2 of the initial hadrons and qµ ≡ P µ
3 + P µ

4 of the γγ pair are
P µ

1 =

√
S

2
{1, 0, 0, 1} ; (1)

P µ
2 =

√
S

2
{1, 0, 0,−1} ; (2)

qµ =

{√
Q2 + Q2

T cosh y, QT , 0,
√

Q2 + Q2
T sinh y

}
. (3)The light-
one momentum fra
tions for the boosted 2 → 2 s
attering system are

x1,2 ≡
2(P2,1 · q)

S
=

√
Q2 + Q2

T e±y

√
S

. (4)De
ay of the γγ pairs is des
ribed in the hadroni
 Collins-Soper frame [15℄. The Collins-Soper frame is a rest frame of the γγ pair (with qµ = {Q, 0, 0, 0} in this frame), 
hosenso that (a) the momenta ~P1 and ~P2 of the initial hadrons lie in the Oxz plane (with zeroazimuthal angle), and (b) the z axis bise
ts the angle between ~P1 and −~P2. The photonmomenta are antiparallel in the Collins-Soper frame:
P µ

3 =
Q

2
{0, sin θ∗ cos ϕ∗, sin θ∗ sin ϕ∗, cos θ∗} , (5)

P µ
4 =

Q

2
{0,− sin θ∗ cos ϕ∗,− sin θ∗ sin ϕ∗,− cos θ∗} , (6)where θ∗ and ϕ∗ are the photon's polar and azimuthal angles. In this se
tion, we deriveresummed predi
tions for the fully di�erential γγ 
ross se
tion dσ/(dQ2dydQ2

TdΩ∗), where
dΩ∗ = d cos θ∗dϕ∗ is a solid angle element around the dire
tion of ~P3 in the Collins-Soperframe de�ned in Eq. (5). The angles in the Collins-Soper frame are denoted by a �∗�subs
ript, in 
ontrast to angles in the lab frame, whi
h do not have su
h a subs
ript. Theparton momenta and heli
ities are denoted by lower
ase pi and λi, respe
tively.5



B. Resummation of the initial-state QCD radiationFor 
ompleteness, we present an overview of the �nite-order and resummed 
ontributionsasso
iated with the dire
t produ
tion of diphotons. At the lowest order in the strong 
ouplingstrength αs, photon pairs are produ
ed with zero transverse momentum QT . The Born
qq̄ → γγ 
ross se
tion 
orresponding to Fig. 1 (a) is

dσqq̄

dQ2dy dQ2
T dΩ∗

∣∣∣∣
Born

= δ( ~QT )
∑

i=u,ū,d,d̄,...

Σi(θ∗)

S
fqi/h1(x1, µF )fq̄i/h2(x2, µF ), (7)where fqi/h(x, µF ) denotes the parton distribution fun
tion (PDF) for a quark of a �avor i,evaluated at a fa
torization s
ale µF of order Q. The prefa
tor

Σi(θ∗) ≡ σ
(0)
i

1 + cos2 θ∗
1 − cos2 θ∗

, (8)with
σ

(0)
i ≡ α2(Q)e4

i π

2NcQ2
, (9)is 
omposed of the running ele
tromagneti
 
oupling strength α ≡ e2/4π evaluated at thes
ale Q, fra
tional quark 
harge ei = 2/3 or −1/3, and number of QCD 
olors Nc = 3.The lowest-order gg → γγ s
attering pro
eeds through an amplitude with a virtual quarkloop (a box diagram) shown in Fig. 1 (h). Its 
ross se
tion takes the form

dσgg

dQ2dy dQ2
T dΩ∗

∣∣∣∣
Born

= δ( ~QT )
Σg(θ∗)

S
fg/h1

(x1, µF )fg/h2
(x2, µF ), (10)where the prefa
tor

Σg(θ∗) ≡ σ(0)
g Lg(θ∗) (11)depends on the polar angle θ∗ through a fun
tion Lg(θ∗) presented expli
itly in Ref. [3℄.The overall normalization 
oe�
ient

σ(0)
g =

α2(Q)α2
s(Q)

32πQ2(N2
c − 1)

(
∑

i

e2
i

)2 (12)involves the sum of the squared 
harges e2
i of the quarks 
ir
ulating in the loop.The NLO dire
t 
ontributions, represented by Figs. 1 (b)-(e), (i)-(l) and denoted as

P (Q, QT , y, Ω∗), are 
omputed in Refs. [3, 4, 5, 7, 8, 9, 10℄. The NLO 2 → 3 di�eren-tial 
ross se
tion grows logarithmi
ally if the �nal-state parton is soft or 
ollinear to theinitial-state quark or gluon, i.e., when QT of the γγ pair is mu
h smaller than Q. These�initial-state� logarithmi
 
ontributions are summed to all orders later in this subse
tion.The NLO qg 
ross se
tion also 
ontains a large logarithm when one of the photons is pro-du
ed from a 
ollinear q
(−) → q

(−)
γ splitting in the �nal state. This ��nal-state� 
ollinear limitis dis
ussed in Se
tion IIC. 6



With 
ontributions from the initial-state soft or 
ollinear radiation in
luded, the NLO
ross se
tion is approximated in the small-QT asymptoti
 limit by
Aqq̄(Q, QT , y, Ω∗) =

∑

i=u,ū,d,d̄,...

Σi(θ∗)

S

{
δ( ~QT )Fi,δ(Q, y, θ∗) + Fi,+(Q, y, QT )

} (13)in the qq̄ + qg s
attering 
hannel, and by
Agg(Q, QT , y, Ω∗) =

1

S

{
Σg(θ∗)

[
δ( ~QT )Fg,δ(Q, y, θ∗) + Fg,+(Q, y, QT )

]

+Σ′g(θ∗, ϕ∗)F
′
g(Q, y, QT )

} (14)in the gg+gqS s
attering 
hannel. The fun
tions Fa,δ(Q, y, θ∗) and F
(′)
a,+(Q, y, QT ) for relevantparton �avors a are listed in Appendix B. They in
lude `plus fun
tion' 
ontributions ofthe type [Q−2

T lnp (Q2/Q2
T )
]
+
with p ≥ 0, universal fun
tions des
ribing soft and 
ollinears
attering, and pro
ess-dependent 
orre
tions from NLO virtual diagrams.The qq̄ + qg asymptoti
 
ross se
tion Aqq̄(Q, QT , y, Ω∗) is proportional to the angularfun
tion Σi(θ∗), the same as in the Born qq̄ → γγ 
ross se
tion, 
f. Eq. (7). Similarly, the

gg+gqS asymptoti
 
ross se
tion Agg(Q, QT , y, Ω∗) in
ludes a term proportional to the Bornangular fun
tion Σg(θ∗). In addition, Agg(Q, QT , y, Ω∗) 
ontains another term proportionalto Σ′g(θ∗, ϕ∗) ≡ L′g(θ∗) cos 2ϕ∗, where L′g(θ∗) is derived in Ref. [3℄. This term arises due to theinterferen
e of Born amplitudes with in
oming gluons of opposite polarizations and a�e
tsthe azimuthal angle (ϕ∗) distribution of the photons in the Collins-Soper frame [3℄.The small-QT representations in Eqs. (13) and (14) 
an be used to 
ompute �xed-orderparti
le distributions in the phase-spa
e sli
ing method. In this method, we 
hoose a small
QT value Qsep

T in the range of validity of Eqs. (13) and (14). If the a
tual QT in the
omputation ex
eeds Qsep
T , we 
al
ulate the di�erential 
ross se
tion using the full 2 → 3matrix element. When QT is smaller than Qsep

T , we 
al
ulate the event rate using the small-
QT asymptoti
 approximation A(Q, QT , y, Ω∗) and 2 → 2 phase spa
e. Hen
e, the lowestbin of the QT distribution is approximated in the NLO predi
tion by its average value inthe interval 0 ≤ QT ≤ Qsep

T , 
omputed by integration of the asymptoti
 approximations.The phase-spa
e sli
ing pro
edure is su�
ient for predi
tions of observables in
lusive in
QT , but not of the shape of dσ/dQT distributions. The latter goal is met by all-orders summa-tion of singular asymptoti
 
ontributions with the help of the Collins-Soper-Sterman (CSS)method [11, 16, 17℄. The small-QT resummed 
ross se
tion is denoted as W (Q, QT , y, Ω∗)and given by a two-dimensional Fourier transform of a fun
tion W̃ (Q, b, y, Ω∗) that dependson the impa
t parameter ~b:
W (Q, QT , y, Ω∗) =

∫
d~b

(2π)2
ei ~QT ·~bW̃ (Q, b, y, Ω∗)

≡
∫

d~b

(2π)2
ei ~QT ·~bW̃pert(Q, b∗, y, Ω∗)e

−FNP (Q,b). (15)In this equation, W̃ (Q, b, y, Ω∗) is written as a produ
t of the perturbative part
W̃pert(Q, b∗, y, Ω∗) and the nonperturbative exponent exp (−FNP (Q, b)) , whi
h des
ribe the7



dynami
s at small (b . 1 GeV−1) and large (b & 1 GeV−1) impa
t parameters, respe
tively.The purpose of the variable b∗ is reviewed below.If Q is large, the perturbative form fa
tor W̃pert dominates the integral in Eq. (15). It is
omputed at small b as
W̃pert(Q, b, y, θ∗) =

∑

a

Σa(θ∗)

S
h2

a(Q, θ∗)e
−Sa(Q,b)

×
[
Ca/a1

⊗ fa1/h1

]
(x1, b; µ)

[
Cā/a2

⊗ fa2/h2

]
(x2, b; µ). (16)The �hard-vertex� fun
tion Σa(θ∗)h

2
a(Q, θ∗) is the normalized 
ross se
tion for the Born s
at-tering aā → γγ, with a = u, ū, d, d̄, ... in qq̄ → γγ, and a = ā = g in gg → γγ. The Sudakovexponent

Sa(Q, b) =

∫ C2
2Q2

C2
1/b2

dµ̄2

µ̄2

[
Aa (C1, µ̄) ln

(
C2

2Q
2

µ̄2

)
+ Ba (C1, C2, µ̄)

] (17)is an integral of two fun
tions Aa (C1, µ̄) and Ba (C1, C2, µ̄) between momentum s
ales C1/band C2Q, and C1 and C2 are 
onstants of order c0 ≡ 2e−γE = 1.123... and 1, respe
tively. Thesymbol [Ca/a1
⊗ fa1/h

]
(x, b; µ) stands for a 
onvolution of the kT−integrated PDF fa1/h(x, µ)and Wilson 
oe�
ient fun
tion Ca/a1(x, b; C1/C2, µ), evaluated at a fa
torization s
ale µ andsummed over intermediate parton �avors a1:

[
Ca/a1 ⊗ fa1/h

]
(x, b; µ) ≡

∑

a1

[∫ 1

x

dξ

ξ
Ca/a1

(
x

ξ
, b;

C1

C2
, µ

)
fa1/h(ξ, µ)

]
. (18)We 
ompute the fun
tions ha, Aa, Ba and Ca/a1 up to orders αs, α3

s , α2
s, and αs, respe
tively,
orresponding to the NNLL a

ura
y of resummation. The perturbative 
oe�
ients at theseorders in αs are listed in Appendix A.The subleading 
ontribution from the nonperturbative region b & 1 GeV−1 is in
luded inour 
al
ulation using a revised �b∗� model [18℄, whi
h provides ex
ellent agreement with pT -dependent data on Drell-Yan pair and Z boson produ
tion. In this model, the perturbativeform fa
tor W̃pert(Q, b∗, y, Ω∗) in Eq. (15) is evaluated as a fun
tion of b∗ ≡ b/(1+b2/b2

max)
1/2,with bmax = 1.5 GeV−1. The fa
torization s
ale µ in [C ⊗ f ] is set equal to c0

√
b−2 + Q2

ini ,where Qini is the initial s
ale of order 1 GeV in the parameterization employed for fa/h(x, µ),for instan
e, 1.3 GeV for the CTEQ6 PDFs [19℄. We have W̃pert(b∗) = W̃pert(b) at b2 ≪ b2
max,and W̃pert(b∗) = W̃pert(bmax) at b2 ≫ b2

max. Hen
e, this ansatz preserves the exa
t form of theperturbative form fa
tor W̃pert(Q, b, y, Ω∗) in the perturbative region of small b, while alsoin
orporating the leading nonperturbative 
ontributions (des
ribed by a phenomenologi
alfun
tion FNP (Q, b)) at large b.The form of FNP (Q, b) found in the global pT �t in Ref. [18℄ suggests approximate inde-penden
e of FNP (Q, b) from the type of qq̄ s
attering pro
ess. It is used here to des
ribe thenonperturbative terms in the leading qq̄ → γγ 
hannel. We negle
t possible 
orre
tions tothe nonperturbative 
ontributions arising from the �nal-state soft radiation in the qg 
han-nel and additional √S dependen
e a�e
ting Drell-Yan-like pro
esses at x . 10−2 [20℄, asthese ex
eed the a

ura
y of the present measurements at the Tevatron. The experimentallyunknown FNP (Q, b) in the gg 
hannel is approximated by FNP (Q, b) for the qq̄ 
hannel,8



multiplied by the ratio CA/CF = 9/4. This 
hoi
e is motivated by the fa
t that the lead-ing Sudakov 
olor fa
tors A(k)
a in the gg and qq̄ 
hannels are proportional to CA = 3 and

CF = 4/3, respe
tively. The un
ertainties in the γγ 
ross se
tions asso
iated with FNP (Q, b)are investigated numeri
ally in Ref. [3℄.In the region QT ∼ Q, 
ollinear QCD fa
torization at a �nite �xed order in αs is ap-pli
able. In order to in
lude non-singular 
ontributions important in this region, we add to
W (Q, QT , y, Ω∗) the regular pie
e Y (Q, QT , y, Ω∗), de�ned as the di�eren
e between the NLO
ross se
tion P (Q, QT , y, Ω∗) and its small-QT asymptoti
 approximation A(Q, QT , y, Ω∗):
dσ(h1h2 → γγ)

dQ dQ2
T dy dΩ∗

= W (Q, QT , y, Ω∗) + P (Q, QT , y, Ω∗) − A(Q, QT , y, Ω∗)

≡ W (Q, QT , y, Ω∗) + Y (Q, QT , y, Ω∗). (19)At small QT , subtra
tion of A(Q, QT , y, Ω∗) in Eq. (19) 
an
els large initial-state radia-tive 
orre
tions in P (Q, QT , y, Ω∗), whi
h are in
orporated in their resummed form within
W (Q, QT , y, Ω∗). At QT 
omparable to Q, A(Q, QT , y, Ω∗) 
an
els the leading terms in
W (Q, QT , y, Ω∗), but higher-order 
ontributions remain from the in�nite tower of logarith-mi
 terms that are resummed in W . In this situation the W + Y 
ross se
tion drops belowthe �nite-order result P (Q, QT , y, Ω∗) at some value of QT (referred to as the 
rossing point)in both the qq̄+ qg and gg+gqS 
hannels, for ea
h Q and y. We use the W +Y 
ross se
tionas our �nal predi
tion at QT values below the 
rossing point, and the NLO 
ross se
tion Pat QT values above the 
rossing point.A few 
omments are in order about our resummation 
al
ulation. The hard-vertex 
ontri-bution Σa(θ∗)h

2
a(Q, θ∗) and the fun
tions Ba (C1, C2, µ̄) and Ca/a1(x, b; C/C2, µ) 
an be variedin a mutually 
ompensating way while preserving the same value of the form fa
tor W up tohigher-order 
orre
tions in αs. This ambiguity, or dependen
e on the 
hosen �resummations
heme� [21℄ within the CSS formalism, 
an be employed to explore the sensitivity of the-oreti
al predi
tions to further next-to-next-to-next-to-leading logarithmi
 (NNNLL) e�e
tsthat are not a

ounted for expli
itly.The perturbative 
oe�
ients in Appendix A are presented in the CSS resummation s
heme[11℄, our default 
hoi
e in numeri
al 
al
ulations, and in an alternative s
heme by Catani,de Florian and Grazzini (CFG) [21℄. In the original CSS resummation s
heme, the B and

C fun
tions 
ontain the �nite virtual NLO 
orre
tions to the 2 → 2 s
attering pro
ess,whereas in the CFG s
heme the universal B and C depend only on the type of in
identpartons, and the pro
ess-dependent virtual 
orre
tion is in
luded in the fun
tion ha. Thedi�eren
e between the CSS and CFG s
hemes is numeri
ally small in γγ produ
tion at boththe Tevatron and the LHC [3℄.In the gg + gqS s
attering 
hannel, the unpolarized resummed 
ross se
tion in
ludes anadditional 
ontribution from elements of kT -dependent PDF spin matri
es with oppositeheli
ities of outgoing gluons [3℄. The NLO expansion of this spin-�ip resummed 
ross se
tiongenerates the term proportional to Σ′g(θ∗, ϕ∗) ∝ cos 2ϕ∗ in the small-QT asymptoti
 
rossse
tion, 
f. Eq. (14). Although the logarithmi
 spin-�ip 
ontribution must be resummed inprin
iple to all orders to predi
t the ϕ∗ dependen
e in the gg + gqS 
hannel, it is negle
tedin the present work in view of its small e�e
t on the full γγ 
ross se
tion.When integrated over QT from 0 to s
ales of order Q, the resummed 
ross se
tion be-
omes approximately equal to the �nite-order (NLO) 
ross se
tion, augmented typi
ally bya few-per
ent 
orre
tion from integrated higher-order terms logarithmi
 in QT . In
lusive9



observables that allow su
h integration (e.g., the large-Q region of the γγ invariant massdistribution) are approximated well both by the resummed and NLO 
al
ulations. How-ever, the experimental a

eptan
e 
onstrains the range of the integration over QT in partsof phase spa
e and may break deli
ate 
an
ellations between integrable singularities presentin the �nite-order di�erential distribution. In this situation (e.g., in the vi
inity of the kine-mati
 
uto� in dσ/dQ dis
ussed in Se
. III) the NLO 
ross se
tion be
omes unstable, whilethe resummed 
ross se
tion (free of dis
ontinuities) 
ontinues to depend smoothly on kine-mati
 
onstraints. We see that the resummation is essential not only for the predi
tion ofphysi
al QT distributions in γγ produ
tion, but also for 
redible estimates of the e�e
ts ofexperimental a

eptan
e on distributions in the diphoton invariant mass and other variables.C. Final-state photon fragmentation1. Single-photon fragmentationIn addition to the QCD singularities asso
iated with initial-state radiation [des
ribed bythe asymptoti
 terms in Eqs. (13) and (14)℄, other singularities arise in the O(αs) pro
ess
q(p1)+ g(p2) → γ(p3)+γ(p4)+ q(p5) [Fig. 1 (e)℄ when a photon is 
ollinear to the �nal-statequark. In this limit, the qg → qγγ squared matrix element grows as 1/sγ5, when sγ5 → 0,where sγ5 is the squared invariant mass of the 
ollinear γq pair. In this limit, the squaredmatrix element fa
tors as
|M(qg → qγγ)|2 ≈ 2e2e2

i

sγ5
Pγ←q(z)|M(qg → qγ)|2 (20)into the produ
t of the squared matrix element |M(qg → qγ)|2 for the produ
tion of aphoton and an intermediate quark, and a splitting fun
tion Pγ←q(z) = (1 + (1 − z)2)/z forfragmentation of the intermediate quark into a 
ollinear γq pair. In Eq. (20) z is the light-
one fra
tion of the intermediate quark's momentum 
arried by the fragmentation photon,and eei is the 
harge of the intermediate quark. When the photon-quark separation ∆r =√

(η5 − ηγ)2 + (ϕ5 − ϕγ)2 in the plane of pseudorapidity η = − log(tan(θ/2)) and azimuthalangle ϕ in the lab frame is small, as in the 
ollinear limit, sγ5 ≈ ETγET5∆r2, where ETγand ET5 are the transverse energies of the photon and quark, with ET ≡ E sin θ. Note that
ET5 = QT at the order in αs at whi
h we are working. Therefore, 
ontributions from the�nal-state 
ollinear, or fragmentation, region are most pronoun
ed at small ∆r and relativelysmall QT .1A fully 
onsistent treatment of the initial- and �nal-state singularities would require ajoint initial- and �nal-state resummation. In the approa
hes taken to date, the fragmentationsingularity may be subtra
ted from the dire
t 
ross se
tion and repla
ed by a single-photon�one-fragmentation� 
ontribution q + g → (q

frag−→ γ)+ γ, where �( frag
q −→ γ)� denotes 
ollinearprodu
tion of one hard photon from a quark, des
ribed by a fun
tion Dγ(z, µ) at a light-
one momentum fra
tion z and fa
torization s
ale µ. Single-photon �two-fragmentation�1 In the soft, or E5 → 0, limit, the �nal-state 
ollinear 
ontribution is suppressed, re�e
ting the absen
e ofthe soft singularity in the qg → qγγ 
ross se
tion.10




ontributions arise in pro
esses like g + g → (q
frag−→ γ) + (q̄

frag−→ γ) and involve 
onvolutionswith two fun
tions Dγ(z, µ) (one per photon). The lowest-order Feynman diagrams for theone- and two-fragmentation 
ontributions are shown in Figs. 1(f) and 1(g), respe
tively.Parameterizations must be adopted for the nonperturbative fun
tions Dγ(z, µ) at an initials
ale µ = µ0. This is the approa
h followed in the DIPHOX 
al
ulation [14℄, in whi
h thesum of real and virtual NLO 
orre
tions to dire
t and single-γ fragmentation 
ross se
tionsis in
luded. When expli
it fragmentation fun
tion 
ontributions are in
luded, the in
lusiverate is in
reased by higher-order 
ontributions from photon produ
tion within hadroni
 jets.However, mu
h of the enhan
ement is suppressed by isolation 
onstraints imposed on thein
lusive photon 
ross se
tions before the 
omparison with data. Nevertheless, fragmentation
ontributions surviving isolation may be moderately important in parts of phase spa
e.An infrared-safe pro
edure 
an be formulated to apply isolation 
uts at ea
h order of
αs [22, 23, 24℄. This pro
edure en
ounters di�
ulties in reprodu
ing the e�e
ts of isolationon fragmentation 
ontributions, be
ause theoreti
al models re�e
t only basi
 features of theexperimental isolation and may introdu
e new logarithmi
 singularities near the edges of theisolation 
ones.As mentioned in the Introdu
tion, the magnitude of the fragmentation 
ontribution de-pends on the values of isolation parameters Eiso

T , ∆R, and ∆Rγγ , modeled only approximatelyin a theoreti
al 
al
ulation. The 
ollinear approximation 
onstrains from below the valuesof z a

essible to Dγ(z, µ): z > zmin ≡ (1 + Eiso
T5 /ETγ)

−1. If Dγ(z, µ) varies rapidly with z,the fragmentation 
ross se
tion is parti
ularly sensitive to the assumed values of Eiso
T and

zmin. For instan
e, if Dγ(z, µ) ∼ 1/z, the fragmentation 
ross se
tion is roughly proportionalto Eiso
T under a typi
al 
ondition Eiso

T /ETγ ≪ 1. Su
h nearly linear dependen
e on Eiso
T ofthe fragmentation 
ross se
tion dσ/dQT is indeed observed in the DIPHOX 
al
ulation, asreviewed in Se
. III. In reality, some spread of the parton radiation in the dire
tion trans-verse to the photon's motion is expe
ted. The treatment of kinemati
s in parton showeringprograms like PYTHIA results in somewhat di�erent dependen
e on z [12℄ 
ompared to the
ollinear approximation, hen
e in a di�erent magnitude of the fragmentation 
ross se
tion.In this work we adopt a pro
edure that reprodu
es desirable features of the isolated 
rossse
tions, while bypassing some of the di�
ulties summarized above. To simulate experimen-tal isolation, we reje
t an event if (a) the separation ∆r between the �nal-state parton andone of the photons is less than ∆R, and (b) ET5 of the parton is larger than Eiso

T . This
ondition is applied to the NLO 
ross se
tion P (Q, QT , y, Ω∗), but not to W (Q, QT , y, Ω∗)and A(Q, QT , y, θ∗), as these 
orrespond to initial-state QCD radiation and are free of the�nal-state 
ollinear singularity.This quasi-experimental isolation ex
ludes the singular �nal-state dire
t 
ontributions at
ET5 > Eiso

T and ∆r < ∆R (or sγ5 < ETγET5∆R2). It is e�e
tive for QT > Eiso
T , butthe 
ollinear dire
t 
ontributions survive when QT < Eiso

T . The integrated (but not thedi�erential) fragmentation rate in the region QT < Eiso
T may be estimated from a 
al
ulationwith expli
it fragmentation fun
tions. In our approa
h, we do not introdu
e fragmentationfun
tions, but we apply an auxiliary regulator to the dire
t qg 
ross se
tion at QT < Eiso

Tand ∆r < ∆R. In our numeri
al study we �nd that this pres
ription preserves a 
ontinuousdi�erential distribution ex
ept for a small �nite dis
ontinuity at QT = Eiso
T . It approximatelyreprodu
es the integrated qg rate obtained in the DIPHOX 
al
ulation at small QT , for thenominal Eiso

T . 11



Figure 2: Lowest-order Feynman diagrams des
ribing fragmentation of the �nal-state partons intophoton pairs with relatively small mass Q.Two forms of the auxiliary regulator are 
onsidered below, based on subtra
tion of theleading 
ollinear 
ontribution and smooth-
one isolation [25℄. In the �rst 
ase, we subtra
tthe leading part Eq. (20) of the dire
t qg matrix element when ET5 < Eiso
T and ∆r < ∆R.We take z = 1− ps · p5/(ps · pf + ps · p5 + pf · p5), where pµ

f , pµ
5 , and pµ

s are the four-momentaof the fragmentation photon, fragmentation quark, and spe
tator photon, respe
tively [26℄.This pres
ription is used in most of the numeri
al results in this paper.In the se
ond 
ase, we suppress fragmentation 
ontributions at ∆r < ∆R and ET5 < Eiso
Tby reje
ting events in the ∆R 
one that satisfy ET5 < χ(∆r), where χ(∆r) is a smoothfun
tion satisfying χ(0) = 0, χ(∆R) = Eiso

T . This �smooth-
one isolation� [25℄ transformsthe fragmentation singularity asso
iated with Dγ(z, µ) into an integrable singularity, whi
hdepends on the assumed fun
tional form of χ(∆r). The 
ross se
tion for dire
t 
ontributionsis rendered �nite by this pres
ription without expli
it introdu
tion of fragmentation fun
tions
Dγ(z, µ). For our smooth fun
tion, we 
hoose χ(∆r) = Eiso

T (1−cos ∆r)2/(1−cos ∆R)2, whi
hdi�ers from the spe
i�
 form 
onsidered in Ref. [25℄, but still satis�es the 
ondition χ(0) = 0.Our earlier results in Ref. [2℄ are 
omputed with this pres
ription. Here we employ it onlyin a few instan
es for 
omparison with the subtra
tion method and obtain similar results.Di�eren
es between the two pres
riptions 
an be used to quantify sensitivity of the pre-di
tions to the treatment of the QT < Eiso
T and ∆r < ∆R region. The two pres
riptionsyield identi
al predi
tions outside of this restri
ted region, notably at QT > Eiso

T , whereour NLO perturbative expression P (Q, QT , y, Ω∗) in the qq̄ + qg 
hannel is 
ontrolled onlyby quasi-experimental isolation and 
oin
ides with the 
orresponding dire
t 
ross se
tion inDIPHOX. The default subtra
tion pres
ription predi
ts a vanishing dσ/dQT in the extreme
QT → 0 limit, while the smooth-
one pres
ription has an integrable singularity in this limit,avoided by an expli
it small-QT 
uto� in the 
al
ulation of our Y -pie
e. Both pres
riptionsare free of the logarithmi
 singularity at QT = Eiso

T arising in the �xed-order (DIPHOX)
al
ulation.2. Low-Q diphoton fragmentationAnother 
lass of large radiative 
orre
tions arises when the γγ invariant mass Q is smallerthan the γγ transverse momentum QT . In this 
ase, one �nal-state quark or gluon fragmentsinto a low-mass γγ pair, e.g. as q + g → (q
frag−→ γγ) + g. The lowest-order 
ontributionsof this kind are shown in Fig. 2. The pro
ess is des
ribed by a γγ-fragmentation fun
-tion Dγγ(z1, z2, µ), di�erent from the single-photon fragmentation fun
tion Dγ(z, µ). This12



new �two-photons from one-fragmentation� 
ontribution is not in
luded yet in existing 
al-
ulations, even though similar fragmentation me
hanisms have been studied in large-QTDrell-Yan pair produ
tion [27, 28℄. The importan
e of low-Q γγ-fragmentation may be el-evated in some kinemati
 regions for typi
al experimental 
uts. They 
an be removed byadjustments in the experimental 
uts, as dis
ussed in Se
. III.D. Summary of the 
al
ulationWe 
on
lude this se
tion by summarizing the main features of our 
al
ulation. Full dire
tNLO 
ross se
tions, represented by the graphs (a)-(e), (h)-(l) in Fig. 1, are 
omputed, andtheir initial-state soft/
ollinear logarithmi
 singularities are resummed at small QT in boththe qq̄+ qg and gg+gqS 
hannels. The perturbative Sudakov fun
tions A and B and Wilson
oe�
ient fun
tions C in the resummed 
ross se
tion W are 
omputed up to orders α3
s, α2

s,and αs, respe
tively, 
orresponding to resummation at NNLL a

ura
y.Our resummation 
al
ulation requires an integration over all values of impa
t parameter
b, in
luding the nonperturbative region of large b. In our default 
al
ulation of the resummed
ross se
tion, we adopt the nonperturbative fun
tions introdu
ed in Ref. [18℄. We 
onsidertwo resummation s
hemes, the traditional s
heme introdu
ed in the CSS paper as well as analternative s
heme [21℄. The 
omparison allows us to estimate the magnitude of yet higher-order 
orre
tions that are not in
luded. The size of these e�e
ts is di�erent in the qq̄ + qgand gg + gqS 
hannels but not parti
ularly signi�
ant in either [3℄.The �nal-state 
ollinear singularity in the qg s
attering 
hannel is avoided by applyingquasi-experimental isolation when QT > Eiso

T and an auxiliary regulator when QT < Eiso
T toapproximate on average the full NLO rate from dire
t qg and fragmentation 
ross se
tionsin this QT range. Two pres
riptions for the auxiliary regulator (subtra
tion and smoothisolation inside the photon's isolation 
one) are 
onsidered and lead to similar predi
tions atthe Tevatron and LHC.The singular logarithmi
 
ontributions asso
iated with initial-state radiation are sub-tra
ted from the NLO 
ross se
tion P to form a regular pie
e Y, whi
h is added to thesmall-QT resummed 
ross se
tion W to predi
t the produ
tion rate for small and intermedi-ate values of QT . In the gg + gqS 
hannel, we also subtra
t from P a new singular spin-�ip
ontribution that a�e
ts azimuthal angle (ϕ∗) dependen
e in the Collins-Soper referen
eframe. We swit
h our predi
tion to the �xed-order perturbative result P at the point in QTwhere the 
ross se
tion W + Y drops below P . This 
rossing point is lo
ated at QT of order

Q in both qq̄ + qg and gg + gqS 
hannels.III. COMPARISONS WITH DATA AND PREDICTIONSOur 
al
ulation of the di�erential 
ross se
tion dσ/(dQdQT dydΩ∗) is espe
ially pertinentfor the transverse momentum QT distribution in the region QT . Q, for �xed values ofdiphoton mass Q (
f. Se
tion IIIA 1). It would be best to 
ompare our multiple di�erentialdistribution with experiment, but published 
ollider data tend to be presented in the formof singly di�erential distributions in Q, QT , and ∆ϕ ≡ ϕ3 − ϕ4 in the lab frame, afterintegration over the other independent kinemati
 variables. We follow suit in order to make
omparisons with Tevatron 
ollider data, but we re
ommend that more di�erential studies13



be made, and we 
omment on the features that 
an be explored. We show results at theenergy of the Tevatron 
ollider and then make predi
tions for the Large Hadron Collider.The analyti
al results of Se
. II are implemented in our 
omputer 
ode. As a �rst step,resummed and NLO γγ 
ross se
tions are 
omputed on a grid of dis
rete values of Q, QT ,and y by using the resummation program Lega
y des
ribed in Refs. [29, 30℄. At the se
ondstage, mat
hing of the resummed and NLO 
ross se
tions is performed, and fully di�erential
ross se
tions are evaluated by Monte-Carlo integration of the mat
hed grids in the latestversion of the program ResBos [31, 32℄. The 
al
ulation is done for Nf = 5 a
tive quark�avors and the following values of the ele
troweak and strong intera
tion parameters [33℄:
GF = 1.16639 × 10−5 GeV−2, mZ = 91.1882 GeV, (21)
α(mZ) = 1/128.937, αs(mZ) = 0.1187. (22)The following 
hoi
es of the fa
torization 
onstants are used: C1 = C3 = 2e−γE ≈ 1.123...,and C2 = C4 = 1. The 
hoi
e C4 = 1 implies that we equate the renormalization andfa
torization s
ales to the invariant mass of the photon pair, µR = µF = Q, in the �xed-order and asymptoti
 
ontributions P (Q, QT , y, Ω∗) and A(Q, QT , y, Ω∗). We use two-loopexpressions for the running ele
tromagneti
 and strong 
ouplings α(µ) and αS(µ), as well asthe NLO parton distribution fun
tion set CTEQ6M [19℄ withQini = 1.3GeV. For 
al
ulationswith expli
it �nal-state fragmentation fun
tions in
luded, we use set 1 of the NLO photonfragmentation fun
tions from Ref. [34℄.A. Results for Run 2 at the Tevatron1. Kinemati
 
onstraintsIn this se
tion, we present our results for the Tevatron pp̄ 
ollider operating at √

S =
1.96 TeV. In order to 
ompare with the data from the Collider Dete
tor at Fermilab (CDF)
ollaboration [1℄, we make the same restri
tions on the �nal-state photons as those used inthe experimental measurement (unless stated otherwise):transverse momentum pγ

T > pγ
T min = 14 (13) GeV for the harder (softer) photon, (23)and rapidity |yγ| < 0.9 for ea
h photon. (24)We impose isolation 
onditions des
ribed in Se
tion IIC, assuming the nominal isolationenergy Eiso

T = 1 GeV spe
i�ed in the CDF publi
ation, along with ∆R = 0.4, and ∆Rγγ =
0.3.We also show predi
tions for the 
onstraints that approximate event sele
tion 
onditionsused by the Fermilab DØ Collaboration [35℄: pγ

T > pγ
T min = 21 (20) GeV for the harder(softer) photon, |yγ| < 1.1, and Eiso

T /Eγ
T = 0.07 for ea
h photon, for the same ∆R and ∆Rγγvalues as in the CDF 
ase.A s
atter plot of event distributions from our theoreti
al simulation for CDF kinemati

uts and arbitrary luminosity is shown in Fig. 3. The events are plotted versus the invariantmass Q, transverse momentum QT , rapidity separation |∆y| ≡ |yhard − ysoft|, and azimuthalseparation ∆ϕ ≡ |ϕhard − ϕsoft| (with 0 ≤ ∆ϕ ≤ π) between the harder and softer photonin the lab frame, as well as the 
osine of the polar angle θ∗ in the Collins-Soper frame. It
an be seen from the �gure that ∆ϕ is 
orrelated with the di�eren
e QT − Q. Events with14
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Figure 3: The diphoton event distribution from the theoreti
al simulation for √S = 1.96GeV, withthe sele
tion 
riteria imposed in the CDF measurement, as a fun
tion of the various kinemati
variables des
ribed in the text, shown for QT < Q and QT > Q separately.
QT < Q (QT > Q) tend to populate regions with ∆ϕ > π/2 (∆ϕ < π/2). The extreme 
ase
QT = 0 relevant to the Born approximation 
orresponds to ∆ϕ = π.The pγ

T 
uts suppress the mass region Q . 2
√

pγ3

Tminp
γ4

Tmin ≈ 27 GeV at ∆ϕ ≈ π and QT .
25 GeV at ∆ϕ ≈ 0, leading to the appearan
e of a kinemati
 
uto� in the invariant massdistribution and a �shoulder� in the transverse momentum distribution, as shown in laterse
tions. Our theoreti
al framework is appli
able in the region QT . Q (large ∆ϕ), where thedominant fra
tion of events o

urs. The appearan
e of singularities in the NLO 
al
ulationat QT → 0 and the fa
t that there are two di�erent hard s
ales, QT and Q, relevant for theevent distributions in the low-QT region require that we address and resum large logarithmi
terms of the form log(Q/QT ). Di�erent and interesting physi
s be
omes important in the
omplementary region QT > Q (small ∆ϕ), a topi
 we address in Se
. IIIA 3.2. Tevatron 
ross se
tionsWe 
ompare our resummed and �nite-order predi
tions for the invariant mass (Q) dis-tribution of photon pairs, shown in Fig. 4 as solid and dashed lines, respe
tively. The�nite-order 
ross se
tion is evaluated at O(αs) a

ura
y in the qq̄ + qg 
hannel and at O(α3

s)a

ura
y in the gg + gqS 
hannel. These �nite-order 
al
ulations are performed with the15
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S = 1.96 TeV withQCD 
ontributions 
al
ulated in the soft�gluon resummation formalism (red solid) and at NLO(blue dashed). The 
al
ulations in
lude the 
uts used by the CDF 
ollaboration whose data areshown [1℄.phase-spa
e sli
ing method des
ribed in Se
. II B. When integrated over all QT , as in the

dσ/dQ distribution at large Q, the resummed logarithmi
 terms from higher orders in αsprodu
e a relatively small NNLO 
orre
tion, su
h that the resummed and �nite-order massdistributions in Fig. 4 are 
lose to one another in normalization and shape. Both distributionsalso agree with the CDF data in this Q range within experimental un
ertainties.The shape of dσ/dQ at small Q is a�e
ted by the 
uts in Eq. (23) on the transversemomenta pγ
T of the two photons. In addition to being responsible for the 
hara
teristi

uto� at Q ≈ 27 GeV explained in the previous subse
tion, the 
uts on the individualtransverse momenta pγ

T also introdu
e a dependen
e of the invariant mass distribution onthe shape of the QT spe
trum of the γγ pairs. Be
ause of this 
orrelation between the Qand QT distributions, the dis
ontinuities in dσ/dQT as QT → 0, when 
omputed at �niteorder, make �nite-order predi
tions for dσ/dQ somewhat unstable.The �nite-order expe
tation for the transverse momentum distribution dσ/dQT (i.e., theintegral of P (Q, QT , y, Ω∗) over Q, y, and Ω∗, or P for brevity) is shown as a dashed 
urvein Fig. 5(a). It exhibits an integrable singularity in the small-QT limit. Terms with inversepower and logarithmi
 dependen
e on QT , asso
iated with initial-state radiation as QT → 0,are extra
ted from P and form the asymptoti
 
ontribution, denoted as A (dotted 
urve).In the �gure, both P and A are trun
ated at a small value of QT , that is, not drawn allthe way to QT = 0. The 
urves for P and A are 
lose at small values of QT , signaling thatthe initial-state logarithmi
 singularities dominate the NLO distribution. The di�eren
e Y16
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0 5 10 15 20 25 30 35 40(a) (b)Figure 5: Transverse momentum distributions in pp̄ → γγX at √S = 1.96 TeV along with the CDFdata: (a) the �xed-order predi
tion P (dashes) and its asymptoti
 approximation A (dots); (b) thefull resummed 
ross se
tion (solid), obtained by mat
hing the resummed W + Y to the �xed-orderpredi
tion P (dashed, same as in (a)) at large QT .between the P and A distributions in
ludes the �nite regular terms not in
luded in A andlogarithmi
 terms from the �nal-state fragmentation singularities, with the latter subtra
tedwhen QT < Eiso
T , as des
ribed in Se
. II C. The data 
learly disfavor the �xed-order predi
tionin the region of low QT .Figure 5(b) features the resummed W + Y 
ontribution (solid 
urve). Resummation ofthe initial-state logarithmi
 terms renders W �nite in the region of small QT . The sum of Wand Y in
ludes the resummed initial-state singular 
ontributions plus the remaining relevantterms in P . Sin
e P provides a reliable �xed-order estimate at large QT , we present our�nal resummed predi
tion by swit
hing from W + Y to P at the point at whi
h the twodi�erential 
ross se
tions (as fun
tions of Q, QT and y) 
ross ea
h other. In 
ontrast to the�xed-order (dashed) 
urve P in Fig. 5(b), the agreement with data is improved at the lowestvalues of QT , where resummation brings the rate down, and for QT = 12 − 32 GeV, wherethe resummed logarithmi
 terms in
rease the rate.The resummed predi
tions for the Tevatron experiments are pra
ti
ally insensitive to the
hoi
e of the resummation s
heme and the nonperturbative model [3℄. About 75% (25%) ofthe total rate at the Tevatron with CDF 
uts imposed 
omes from the qq̄+qg+ q̄g (gg+gqS)initial state. The fra
tions for the 
uts used by DØ are 84% and 16%. The gg + gqS
ontribution falls steeply after QT > 22 GeV, be
ause the gluon PDF de
reases rapidly withparton fra
tional momentum x [3℄.The distribution in the di�eren
e ∆ϕ of the azimuthal angles of the photons is shownin Fig. 6. As is true for the transverse momentum distribution in the limit QT → 0, thedistribution 
omputed at �xed order is ill-de�ned at ∆ϕ = π. The resummed distributionshows a larger 
ross se
tion near ∆ϕ = 2.5 rad, in better agreement with the data. In theregion of small ∆ϕ . π/2, the �xed-order and the resummed predi
tions are the same, a17
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0 0.5 1 1.5 2 2.5 3Figure 6: The di�eren
e ∆ϕ in the azimuthal angles of the two photons in the laboratory framepredi
ted by the resummed (solid) and �xed-order (dashed) 
al
ulations, 
ompared to the CDFdata.result of our mat
hing of the resummed and �xed-order distributions at mid to high valuesof QT . Although the 
ross se
tion is not large in the region ∆ϕ < π/2, there is an indi
ationof a di�eren
e between our predi
tions and data in this region, a topi
 we address below.3. The region QT > QIt is evident from Fig. 3 that the ∆ϕ < π/2 region is populated mostly by events with
QT > Q. New types of radiative 
ontributions may be present in this region, in
luding variousfragmentation 
ontributions des
ribed in Se
. II C and enhan
ements at large | cos θ∗| in thedire
t produ
tion rate.While experimental isolation generally suppresses long-distan
e fragmentation, a greaterfra
tion of fragmentation photons are expe
ted to survive isolation when ∆ϕ < π/2. Besidessingle-photon `one-fragmentation' and `two-fragmentation' 
ontributions (with one photonper fragmenting parton), one en
ounters additional logarithmi
 singularities of the form
log(Q/QT ). We noted in Se
. II C that these logarithms are asso
iated with the fragmentationof a parton 
arrying large transverse momentum QT into a system of small invariant mass Q[27, 28℄, a light γγ pair in our 
ase. Small-Q γγ fragmentation of this kind is not implementedyet in theoreti
al models. Therefore, we are prepared for the possibility that both the�xed-order 
al
ulation and our resummed 
al
ulation may be de�
ient in the region QT ≫
Q. A detailed experimental study of the region QT > Q may o�er the opportunity tomeasure the parton to two-photon fragmentation fun
tion Dγγ(z1, z2), provided that the18



single-photon `one-fragmentation' fun
tion Dγ(z) is determined by single-photon data, andthe low-Q logarithmi
 terms are properly resummed theoreti
ally.In addition to the low-Q fragmentation, the small-∆ϕ region may be sensitive to largehigher-order 
ontributions asso
iated with t̂- or û-
hannel ex
hanges in the qq̄ → γγ and
gg → γγ subpro
esses. In the Born pro
esses in Figs. 1(a) and (h), the t̂- and û-
hannelsingularities arise at cos θ∗ ≈ ±1 and ∆ϕ ≈ π. These singularities are ex
luded by the pγ

T
uts in Eq. (23), but related residual enhan
ements in the NLO 
ontributions may still persistat | cos θ∗| ≈ 1 and ∆ϕ → 0, not ex
luded by the 
uts (
f. Fig. 3). Be
ause |cos θ∗| is large insu
h events, they tend to have substantial |∆y|, so they are retained by the ∆Rγγ > 0.3 
ut.In 
ontrast, the low-Q fragmentation 
ontributions tend to be abundant at small |∆y|. Itmay be therefore possible to distinguish between the large-| cos θ∗| and fragmentation eventsat small ∆ϕ based on the distribution in |∆y|.We expe
t mu
h better agreement of our predi
tions with data if the sele
tion QT < Q ismade. This sele
tion preserves the bulk of the 
ross se
tion and assures that a fair 
omparisonis made in the region of phase spa
e where the predi
tions are most valid.4. Fragmentation and 
omparison with the DIPHOX 
odeOne way to obtain an estimate of theoreti
al un
ertainty is to 
ompare theoreti
al ap-proa
hes in various parts of phase spa
e, in
luding small ∆ϕ. We handle the 
ollinear�nal-state photon singularities in the manner des
ribed in Se
. II, without in
luding photonfragmentation fun
tions expli
itly. An alternative 
al
ulation implemented in the DIPHOX
ode [14℄ in
ludes NLO 
ross se
tions for single-photon fragmentation pro
esses. Neither
ode in
ludes a term in whi
h both photons are fragmentation produ
ts of the same �nal-state parton, i.e., the diphoton fragmentation fun
tion Dγγ(z1, z2).In Ref. [2℄ we show 
omparisons of our predi
tions with those of DIPHOX along with theCDF data. Here in Fig. 7, we show analogous plots of the invariant mass and transverse mo-mentum distributions for DØ 
uts. We note that our �xed-order qq̄ + qg 
ontribution agreeswell with the dire
t 
ontribution in DIPHOX. This agreement is parti
ularly impressive inthe region of large QT , where both 
odes use the same �xed-order formalism to handle dire
t
ontributions. A 
ontribution from the gg 
hannel is also present in both 
odes, 
omputedat LO in DIPHOX but at NLO+NNLL in our 
ase. Sin
e the gg + gqS 
ontribution isnot dominant (espe
ially in the high QT region), this di�eren
e does not have a signi�
antimpa
t on the 
omparison.The expli
it single-photon fragmentation 
ontributions in DIPHOX (mostly `one-fragmentation' 
ontribution) are quite small for the nominal hadroni
 energy Eiso
T ∼ 1 GeVin the 
one around ea
h photon. Ex
eptions o

ur in the region QT ≤ Eiso

T , where thefragmentation 
ontributions to dσ/dQT have logarithmi
 singularities, and in the ∆ϕ → 0region, where fragmentation is 
omparable to the dire
t 
ontributions. Our isolation pre-s
ription reprodu
es the integrated DIPHOX rate well for 0 ≤ QT ≤ Eiso
T , leading to 
loseagreement between the resummed and DIPHOX in
lusive rates for most Q values.Returning to the CDF measurement, we remark that the resummed and DIPHOX 
rossse
tions for the same Eiso

T = 1 GeV underestimate the data within two standard deviationsfor Q . 27 GeV, QT > 25 GeV, and ∆ϕ < 1 rad (
f. the relevant �gures in Ref. [2℄).The DIPHOX 
ross se
tion 
an be raised to agree with data in this �shoulder� region, ifa mu
h larger isolation energy (Eiso
T = 4 GeV) is 
hosen, and smaller fa
torization and19
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(a) (b)Figure 7: Comparison of our resummed and DIPHOX predi
tions for (a) the invariant mass and(b) transverse momentum distributions of γγ pairs for DØ kinemati
 
uts. The solid 
urves showour resummed distributions with all 
hannels in
luded. The dashed and dotted 
urves illustrate theresummed and DIPHOX distributions in the qq̄ + qg 
hannel.renormalization s
ales are used (µF = µR = Q/2). These are the 
hoi
es made in the CDFstudy [1℄. Sin
e Eiso
T is an approximate 
hara
teristi
 of the experimental isolation, onemight argue that both Eiso

T = 1 and 4 GeV 
an be appropriate in a 
al
ulation to mat
hthe 
onditions of the CDF measurement. The dire
t 
ontribution is weakly sensitive to Eiso
T ,while the one-fragmentation part of dσ/dQT is roughly proportional to Eiso

T (
f. Se
tion IIC).The one-fragmentation 
ontribution is enhan
ed on average by 400% if Eiso
T is in
reased inthe 
al
ulation from 1 to 4 GeV. The rate in the shoulder region is enhan
ed further if thefa
torization s
ale µF is redu
ed.Sin
e the theoreti
al spe
i�
ations for isolation and for the fragmentation 
ontributionare admittedly approximate, we question whether great importan
e should be pla
ed on theagreement of theory and experiment in the region of small ∆ϕ or in the shoulder regionin the QT distribution. A straightforward way to redu
e sensitivity to fragmentation is torequire Q > 27 GeV or QT < Q, as dis
ussed above. The two 
uts have similar e�e
ts onthe event distributions. Figure 8 shows the e�e
ts of the QT < Q 
ut on the QT and ∆ϕdistributions. The 
ut QT < Q is parti
ularly e�
ient at suppressing the fragmentation QTshoulder (and the region of small ∆ϕ altogether), while only a small portion of the eventsample is lost. This 
ut is espe
ially favorable, sin
e it 
onstrains the 
omparison with datato a region where the theory is well understood and has a small un
ertainty. Furthermore,with the requirement of QT < Q, the dependen
e of di�erential 
ross se
tions on the 
hoi
esof isolation energy Eiso

T and fa
torization s
ale µF is greatly redu
ed to the typi
al size ofhigher-order 
orre
tions. We predi
t that if a QT < Q 
ut, or a Q > 27 GeV 
ut, is appliedto the Tevatron data, the enhan
ement at low ∆ϕ and intermediate QT asso
iated with thefragmentation 
ontribution will disappear. This is an important 
on
lusion of our study, andwe urge the CDF and DØ 
ollaborations to apply these 
uts in their future analyses of the20
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0 0.5 1 1.5 2 2.5 3(a) (b)Figure 8: Predi
ted 
ross se
tions for diphoton produ
tion in pp̄ → γγX at √
S = 1.96 TeV as afun
tion of (a) the γγ pair transverse momentum QT and (b) the di�eren
e ∆ϕ in the azimuthalangles of the two photons. Our resummed predi
tions (solid) are shown together with DIPHOXpredi
tions for the default isolation energy Eiso

T = 1 GeV and fa
torization s
ale µF = Q (dashed),and for Eiso
T = 4 GeV, µF = Q/2 (dotted). We impose the 
ondition QT < Q to redu
e theoreti
alun
ertainties asso
iated with fragmentation.diphoton data.5. Average transverse momentumAn important predi
tion of the resummation formalism is the 
hange of the transversemomentum distribution with the diphoton invariant mass. This dependen
e 
omes, in part,from the ln Q2 dependen
e in the Sudakov exponent, Eq. (17), and it is desirable to identifythis feature amid other in�uen
es. In Fig. 9(a), we show normalized resummed transversemomentum distributions for various sele
tions of the invariant mass of the photon pairs.Without kinemati
al 
onstraints on the de
ay photons, the QT distribution is expe
ted tobroaden with in
reasing Q, and the position of the peak in dσ/dQT to shift to larger QTvalues. The shift of the peak may or may not be observed in the data depending on the
hosen lower 
uts on pT of the photons, whi
h suppress the event rate at low Q and QT . Theinterplay of the Sudakov broadening of the QT distribution and kinemati
al suppression bythe photon pT 
uts is re�e
ted in the shape of dσ/dQT in di�erent Q bins.A

ording to dimensional analysis, the average 〈QT 〉 in the interval QT ≤ Q may beexpe
ted to behave as

〈QT 〉QT≤Q = Qf(Q/
√

S), (25)21
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25 50 75 100 125 150 175 200(a) (b)Figure 9: (a) Resummed transverse momentum distributions of photon pairs in various invariantmass bins used in the CDF measurement, normalized to the total 
ross se
tion in ea
h Q bin. (b)The average QT as a fun
tion of the γγ invariant mass, 
omputed for QT < Q.where the s
aling fun
tion f(Q/
√

S) re�e
ts phase spa
e 
onstraints, dependen
e on theSudakov logarithm, and the x dependen
e of the PDFs. Figure 9(b) shows our 
al
ulateddiphoton mass dependen
e of 〈QT 〉. The linear in
rease shown in Eq. (25) is observed overthe range 30 < Q < 80 GeV. For values of Q below the kinemati
 
uto� at about 30 GeV, the
uts shown in Fig. 3 suppress diphoton produ
tion at small QT , and 〈QT /Q〉 grows toward1 as Q de
reases (
orresponding to produ
tion only at QT 
lose to Q). For Q ∼ 80 GeVand above, we see a saturation of the growth of 〈QT 〉, a re�e
tion of the in�uen
es of the
x dependen
e of the PDFs and other fa
tors. Similar saturation behavior is observed in
al
ulations of 〈QT 〉 in other pro
esses [36℄. It would be interesting to see a 
omparison ofour predi
tion with data from the CDF and DØ 
ollaborations.B. Results for the LHC1. Event sele
tionTo obtain predi
tions for pp 
ollisions at the LHC at √S = 14 TeV, we employ the 
utson the individual photons used by the ATLAS 
ollaboration in their simulations of Higgsboson de
ay, h → γγ [37℄. We requiretransverse momentum pγ

T > 40 (25) GeV for the harder (softer) photon, (26)and rapidity |yγ| < 2.5 for ea
h photon. (27)In a

ord with ATLAS spe
i�
ations, we impose a looser isolation restri
tion than for ourTevatron study, requiring less than Eiso
T = 15 GeV of hadroni
 and extra ele
tromagneti
22
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0 20 40 60 80 100 120Figure 10: Resummed transverse momentum distributions of photon pairs in various invariantmass bins at the LHC. The 
uts listed in Eqs. (26) and (27) are imposed.The QT distribution for
70 < Q < 115 GeV with an additional 
onstraint QT < Q is shown as a dotted line.transverse energy inside a ∆R = 0.4 
one around ea
h photon. We also require the separation
∆Rγγ between the two isolated photons to be above 0.4.The 
uts listed above, optimized for the Higgs boson sear
h, may require adjustments inorder to test perturbative QCD predi
tions in the full γγ invariant mass range a

essible atthe LHC. The values of the pγ

T 
uts on the photons in Eq. (26) preserve a large fra
tion ofHiggs boson events with Q > 115 GeV. These 
uts may be too restri
tive in studies of γγprodu
tion at smaller Q, 
onsidering that the two �nal-state photons most likely originatefrom a γγ pair with small QT and have similar values of pγ
T of about Q/2. The pT 
utsinterfere with the expe
ted Sudakov broadening of QT distributions with in
reasing diphotoninvariant mass, as dis
ussed in Se
tion IIIA 5. We further note that the asymmetry betweenthe pγ

T 
uts on the harder and softer photons is ne
essary in a �xed-order perturbative QCD
al
ulation, but it is not required in the resummed 
al
ulation. At a �xed order of αs,asymmetry in the pγ
T 
uts prevents instabilities in dσ/dQ 
aused by logarithmi
 divergen
esin dσ/dQT at small QT . Su
h instabilities are eliminated altogether on
e the small-QTlogarithmi
 terms are resummed to all orders of αs. Here we do not 
onsider alternative

pγ
T 
uts, although experimental 
ollaborations are en
ouraged to employ relaxed and/orsymmetri
 
uts to in
rease the γγ event sample in their data analysis.2. Resummed QT distributions and average transverse momentumFigure 10 shows transverse momentum distributions of the photon pairs for various in-variant masses. The average γγ transverse momentum grows with Q, as demonstrated byFig. 11. However, the rate of the growth de
reases monotoni
ally with Q, for similar reasonsas at the Tevatron.The γγ distributions in Q and ∆ϕ for di�erent 
ombinations of s
attering sub
hannelsand 
hoi
es of theoreti
al parameters are dis
ussed in Refs. [2, 3℄. In all ranges of Q, the γγprodu
tion rate is dominated by a large qg 
ontribution, a

ounting for about 50% of the23
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tion of the γγ invariant mass Q.�xed-order (NLO) rate. Although this number depends on the 
hoi
e of the fa
torizations
heme and s
ale, and, on the other hand, separate treatment of the qq̄ and qg 
ross se
tionsis not meaningful in the resummation 
al
ulation [3℄, it nonetheless re�e
ts, in a 
rude way,the in
reased relative importan
e of the qg 
ross se
tion. The gg + gqS 
hannel 
ontributesabout 25% at Q ∼ 80 GeV (the lo
ation of the 
uto� in dσ/dQ due to the 
uts on pγ
T ) andless at larger Q. As at the Tevatron, the dependen
e of the 
ross se
tions on the resummations
heme is small [3℄. The dependen
e on the nonperturbative model 
an also be negle
ted, aslong as the nonperturbative fun
tion does not vary strongly with x [3℄.3. Final-state fragmentation and 
omparison with DIPHOXThe impa
t of the �nal-state fragmentation at the LHC 
an be evaluated if we 
ompareour results with DIPHOX predi
tions. The transverse momentum and invariant mass dis-tributions in the qq̄ + qg 
hannel from the two approa
hes are shown in Fig. 12. In both
al
ulations, quasi-experimental isolation removes dire
t NLO events with 
ollinear �nal-state photons and partons when QT > Eiso

T = 15 GeV, but not when QT is below Eiso
T .Con
entrating �rst on γγ events with QT > Eiso

T , we observe that, at QT > 80 GeV, theresummed qq̄+qg 
ross se
tion redu
es to the dire
t �xed-order 
ross se
tion, evaluated in thesame way as in the DIPHOX 
ode. Our resummed and the dire
t DIPHOX 
ross se
tions,shown as solid and dashed 
urves, respe
tively, in Fig. 12(a) 
onsequently agree well atlarge QT . At smaller QT , the resummed 
ross se
tion is enhan
ed by towers of higher-orderlogarithmi
 
ontributions. On the other hand, the full qq̄ + qg DIPHOX rate (shown as adotted line) also in
ludes single-photon fragmentation 
ontributions, whi
h add to the dire
tprodu
tion 
ross se
tion. For the nominal isolation parameters, the expli
it fragmentation
ontribution 
onstitutes about 25% of the full DIPHOX rate for 60 < QT < 120 GeV. Itsmagnitude in
reases approximately linearly with the assumed Eiso
T value.For QT < Eiso

T , the �nal-state 
ollinear region of the dire
t 
ontribution is regulatedby the 
ollinear subtra
tion pres
ription adopted in the resummation 
al
ulation, whereas24
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al
ulations.the fragmentation singularity is subtra
ted from the dire
t 
ontribution and repla
ed byphoton fragmentation fun
tions in the DIPHOX 
al
ulation. Subtra
tion of singularities inDIPHOX introdu
es integrable singularities in dσ/dQT at di�erent values of QT below Eiso
T .The origin of the �nal-state logarithmi
 singularities at values of QT below Eiso

T is dis
ussedin Refs. [22, 23, 24℄. For QT < Eiso
T , the DIPHOX 
urves represent the average over singular
ontributions in this QT interval.After the fragmentation singularity is subtra
ted, the DIPHOX dire
t 
ontribution(dashed line) is on average below our resummed qq̄ + qg rate (solid line) over most of therange of QT shown in Fig. 12(a). After integration over all QT , our resummed and DIPHOX

qq̄ + qg 
ross se
tions agree within 10-20% at most values of Q (
f. Fig. 12(b)), with ourresummed rate being below the DIPHOX rate at all Q. The largest di�eren
e o

urs at thelowest values of Q (below the 
uto�), where the rates 
an di�er by a fa
tor of 2. In thisregion, 
orresponding to diphoton events with small ∆ϕ and QT larger than Q, the photonfragmentation 
ontributions in
luded in the DIPHOX 
al
ulation are large in 
omparison tothe dire
t rate. Finally, we note that the integrated rate in DIPHOX is more stable withrespe
t to variations in Eiso
T than the di�erential distributions in DIPHOX, be
ause Eiso

Tdependen
e for QT > Eiso
T is 
an
eled to a good degree by Eiso

T dependen
e for QT < Eiso
T .To obtain the �nal γγ produ
tion 
ross se
tions, after in
lusion of all 
hannels, we 
ombinethe respe
tive qq̄ + qg results with the resummed NLO gg + gqS 
ross se
tion in our 
ase andwith the LO gg 
ross se
tion in the DIPHOX 
ase. The distributions in the γγ invariantmass Q, the transverse momentum QT , and the azimuthal angle separation ∆ϕ in the labframe are shown in Fig. 13. For the 
uts 
hosen, the LO gg and the resummed gg+gqS totalrates 
onstitute about 9% and 20% of the total rate. The resummed and DIPHOX invariantmass distributions (Fig. 13(a)) are brought 
loser to one another as a result of the in
lusion25
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(a) (b)Figure 14: Invariant mass and transverse momentum distributions from our resummed, NLO, andDIPHOX 
al
ulations at the LHC, with the QT < Q 
onstraint imposed.of the gg + gqS 
ontribution in the resummed 
al
ulation. For QT 6= 0, the full DIPHOX QTdistribution in Fig. 13(b) is determined entirely by dire
t plus fragmentation 
ontributions(the same as in Fig. 12(a)), be
ause the LO gg 
ross se
tion 
ontributes at QT = 0 only. In
ontrast, our resummed gg + gqS 
ontribution modi�es the event rate at all QT .The resummed and DIPHOX rates are in a reasonable agreement for 1.5 . ∆ϕ . 2.5, asshown in Fig. 13(
). In the ∆ϕ → π limit, the �xed-order rates in DIPHOX diverge be
auseof the singularities at small QT , while our resummed rate yields a �nite value. For ∆ϕ < 1.5,the DIPHOX 
ross se
tion is enhan
ed by photon fragmentation 
ontributions. As at theenergy of the Tevatron, theoreti
al un
ertainties are greater at small ∆ϕ.Predi
tions are most reliable when QT < Q (and the angles θ∗ and ϕ∗ are away from0 or π). With the QT < Q 
ut imposed, the un
ertain large-QT photon fragmentation
ontributions are suppressed, and the resummed and DIPHOX 
ross se
tions agree well atlarge QT (
f. Fig. 14(b)). The QT distribution in the interval 70 < Q < 115 GeV with the
QT < Q 
onstraint is shown in Fig. 10 by a dotted 
urve. Distributions in the other twomass bins in Fig. 10 are essentially not a�e
ted by this 
ut in the QT range presented.Our 
al
ulation 
aptures the dominant 
ontributions to γγ produ
tion at the LHC. How-ever, as we noted, dire
t qg s
attering, evaluated at order O(αs) in our 
al
ulation, is theleading s
attering 
hannel in the region relevant for the Higgs boson sear
h at the LHC.It is important to emphasize that the �nal-state 
ollinear radiation is not the main reasonbehind the enhan
ement of the qg rate, whi
h is in
reased predominantly by 
ontributionsfrom non-singular phase spa
e regions. Consequently, the qq̄ + qg dire
t rate is only weaklysensitive to adjustments in the isolation parameters Eiso

T and ∆R [10℄. The unknown O(α2
s)
ontributions to qg s
attering may be non-negligible, and it would be valuable to 
omputethem in the future when LHC data are available.27
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Figure 15: Comparison of the normalized Higgs boson signal and diphoton ba
kground distributionsat the LHC, both 
omputed at NNLL a

ura
y. The Higgs boson mass is taken to be mH = 130GeV, and the ba
kground is 
al
ulated for 128 < Q < 132 GeV.C. Comparison with Higgs boson signal distributionsWe highlight some similarities and di�eren
es between the produ
tion spe
tra for theHiggs boson signal and the QCD ba
kground dis
ussed in this paper. We fo
us on thediphoton de
ay mode of a SM Higgs boson produ
ed from the dominant gluon-fusion me
h-anism, gg → h0 → γγ, where the Higgs boson produ
tion 
ross se
tion is 
al
ulated at thesame order of pre
ision as the QCD 
ontinuum ba
kground. We in
lude initial-state QCD
ontributions at O(α3
s) (NLO) and resummed 
ontributions at NNLL a

ura
y. These 
on-28



tributions are also 
oded in ResBos [38℄, and we 
an apply the same 
uts on the momentaof the photons to the signal and ba
kground. Our �ndings should remain broadly appli
ableafter the NNLO 
orre
tions to Higgs boson produ
tion [39, 40℄ are in
luded. We 
omputethe ba
kground in the range 128 < Q < 132 GeV, and the signal at a �xed Higgs bosonmass mH = 130 GeV. We impose the kinemati
 sele
tion QT < Q, but its in�uen
e is notimportant at the large values of diphoton mass of interest here.The 
ross se
tion times bran
hing ratio for the Higgs boson signal is substantially smallerthan the QCD 
ontinuum. To better illustrate their di�eren
es, Fig. 15 presents distributionsnormalized to the respe
tive total rates. The top-left panel shows normalized transversemomentum distributions of photon pairs. The signal and ba
kground peak at about 12 and5 GeV, respe
tively. The average values of QT are 26 and 23 GeV, 
omputed over the range0 to 75 GeV.Di�eren
es in the shapes of these QT spe
tra 
an be attributed to the di�erent stru
tureof the leading terms in the initial-state Sudakov exponents and to the e�e
ts of �nal-statephoton fragmentation. The Higgs boson signal is 
ontrolled by the 
hara
teristi
s of the
gg+gqS initial state, whereas the 
ontinuum is 
ontrolled primarily by the qq̄+qg initial state.Be
ause the dominant Sudakov 
oe�
ient A(k)

q ∝ CF in the qq̄ 
ase is smaller than A(k)
g =

(CA/CF )A(k)
q in the gg 
ase, the resummed qq̄ + qg initial-state radiation produ
es narrower

QT distributions than gg + gqS initial-state radiation. About 80% of the diphoton rate isprovided by the qq̄ + qg 
hannel, implying a narrower QT distribution of the ba
kground, ifbased on the value of A(k) alone.The 
ontinuum ba
kground 
ontribution is also enhan
ed by �nal-state radiation in qgs
attering. The QT pro�le of the �nal-state 
ollinear terms depends more on the isolationmodel (in
luding Eiso
T and ∆R) than on the initial-state Sudakov exponent. For the nominalATLAS 
uts, the �nal-state 
ollinear 
ontribution in our 
al
ulation hardens the ba
kground

QT distribution, diminishing its di�eren
e from the Higgs boson signal distribution. Moree�e
tive isolation may redu
e the impa
t of the �nal-state radiation on QT distributions.Another di�eren
e between the signal and 
ontinuum is observed in the distribution inthe azimuthal angle of the photons, su
h as the angle ϕ∗ in the Collins-Soper frame shownin the top-right panel of Fig. 15. This distribution is qualitatively the same if integratedover all QT , as in Fig. 15, or integrated above some minimal QT value, as in an experimentalmeasurement. Without isolation imposed, the spin-0 Higgs boson signal must be �at in ϕ∗,but the QCD ba
kground peaks toward ϕ∗ = 0 and π (i.e., sin ϕ∗ = 0) as a result of the�nal-state qg singularity.2, 3 Isolation 
uts suppress both the signal and the ba
kground for
sin ϕ∗ < sin ∆R. The result is a signal distribution with a broad peak near ϕ∗ = π/2, whilethe ba
kground favors values of ϕ∗ near 0 and π. A sele
tion of events with ϕ∗ in the vi
inityof π/2, and QT large enough, helps to redu
e the impa
t of the qg ba
kground.In the labframe, a related distribution is in the variable |ϕ3T − ϕ4T | ,where ϕiT is the azimuthal anglebetween ~pγi

T and ~QT . The signal (ba
kground) pro
esses tend to have more events with large2 By de�nition, the re
oil parton 5 always lies in the Oxz plane (has zero azimuthal angle) in the Collins-Soper frame. For the �nal-state singularity to o

ur at NLO, the photons should be in the same planewith 5, i.e., have sin ϕ∗ = 0.3 One of the resummed stru
ture fun
tions for the gg ba
kground is modulated by cos 2ϕ∗ (see Se
. II B),but we negle
t this modulation in our present 
al
ulation.29



(small) magnitude of |ϕ3T − ϕ4T |.A third potential dis
riminator between the signal and ba
kground is the di�eren
e inthe rapidities ∆y = yhard − ysoft of the photons with harder and softer values of pγ
T in thelab frame, 
al
ulated on an event by event basis. This distribution is displayed in the lower-left frame of Fig. 15. The ba
kground distribution peaks at the origin, while the signal isalmost �at over a wide range of ∆y. Di�erent spin 
orrelations in the de
ay of a spin-0Higgs boson from those 
hara
teristi
 of QCD ba
kground pro
esses are the sour
e of thisdistin
tion. Dis
rimination based on this di�eren
e 
an improve the statisti
al signi�
an
eof the signal [10℄. We note that our resummed 
al
ulation does not exhibit the kinemati
singularity at ∆y ≈ 2 present in the �nite-order 
ross se
tion and obvious in Fig. 10 ofRef. [10℄, where the distribution with respe
t to y∗ ≡ ∆y/2 is shown. The dis
ontinuity in

dσ/dQT 
aused by the �nite-order approximation is resummed in our 
al
ulation, yielding asmooth result.The rapidity di�eren
e is related to the s
attering angle in the Collins-Soper frame:
tanh(∆y/2) = cos θ∗ when QT is zero. The cos θ∗ distribution is shown in the lower-rightframe of Fig. 15. The di�eren
e between the signal and ba
kground rates is even morepronoun
ed in this variable, 
learly expressing the di�eren
e in the spin 
orrelations of thesystems produ
ing the photons.A 
omparison of QT distributions in the top-left panel of Fig. 15 suggests that the signalversus ba
kground ratio would be enhan
ed if a 
ut is made to restri
t QT > 10 GeV.After applying this 
ut, we may again examine the distributions in the rapidity di�eren
e ofthe two photons, the s
attering angle in the Collins-Soper frame, and the azimuthal angledistribution of the photons in the Collins-Soper frame. The results are qualitatively similarto those in Fig. 15 and are not shown here. A more e�
ient pro
edure to in
rease theHiggs boson dis
overy signi�
an
e is to apply a simultaneous likelihood analysis to severalkinemati
 distributions. Based on the present dis
ussion, we would argue that the resummed
QT , ϕ∗, and cos θ∗ distributions are good dis
riminators between the Higgs boson signal andba
kground in su
h an analysis.IV. CONCLUSIONSThe theoreti
al study of 
ontinuum diphoton produ
tion in hadron 
ollisions is interestingand valuable for several reasons: there are data from the CDF and DØ 
ollaborations atFermilab with the promise of larger event samples; there are new theoreti
al 
hallengesasso
iated with all-orders soft-gluon resummation of two-loop amplitudes; and 
ontinuumdiphotons are a large standard-model ba
kground above whi
h one may observe the produ
tsof Higgs boson de
ay into a pair of photons at the LHC.In this paper and Refs. [2, 3℄, we present our 
al
ulation of the fully di�erential 
rossse
tion dσ/(dQdQT dydΩ∗) as a fun
tion of the mass Q, transverse momentum QT , andrapidity y of the diphoton system, and of the polar and azimuthal angles of the individualphotons in the diphoton rest frame. Our basi
 QCD hard-s
attering subpro
esses are all
omputed at next-to-leading order (NLO) in the strong 
oupling strength αs, and we in
ludethe state-of-art resummation of initial-state gluon radiation to all orders in αs, valid to next-to-next-to-leading logarithmi
 a

ura
y (NNLL). Resummation is essential for a realisti
 andreliable 
al
ulation of the QT dependen
e in the region of small and intermediate values of
QT , where the 
ross se
tion is greatest. It is also needed for stable estimates of the e�e
ts of30



experimental a

eptan
e on distributions in the diphoton invariant mass and other variables.Our analyti
al results are in
luded in a fully updated ResBos 
ode [31, 32℄. This nu-meri
al program allows us to impose sele
tions on the transverse momenta and angles of the�nal photons, in order to mat
h those employed by the CDF and DØ 
ollaborations, as wellas those anti
ipated in experiments at the LHC. Our predi
tions are espe
ially pertinent inthe region QT . Q. We show that our results at the Tevatron and at the LHC are insensitiveto the 
hoi
e of the resummation s
heme and of the nonperturbative fun
tions required bythe integration into the region of large impa
t parameter.The published 
ollider data are presented in the form of singly di�erential distributions.We follow suit in order to make 
omparisons, and we �nd ex
ellent agreement with data, asshown in Se
. III. We re
ommend that more di�erential studies be made, and, to motivatethese, we present predi
tions for the 
hanges expe
ted in the QT distribution as a fun
tionof mass Q, and for the dependen
e of the mean transverse momentum on Q.We make predi
tions for 
ontinuum diphoton mass, transverse momentum, and angulardistributions at the energy of the LHC. Moreover, we 
ontrast in Fig. 15 the shapes of someof these distributions with those expe
ted from the de
ay of a Higgs boson. The distin
tfeatures of the signal and ba
kground suggest that that the Higgs boson dis
overy signi�
an
e
an be in
reased via a simultaneous likelihood analysis of several kinemati
 distributions,parti
ularly the resummed QT , ϕ∗, and cos θ∗ distributions.Another approa
h to the 
omputation of 
ontinuum diphoton produ
tion is presentedby the DIPHOX 
ollaboration [14℄. This 
al
ulation in
ludes both the dire
t produ
tionof photons from hard-s
attering pro
esses and the photons produ
ed from fragmentation of(anti-)quarks or gluons. It is valid at NLO, ex
ept for the gg subpro
ess, whi
h is in
ludedat leading order only. The DIPHOX 
ode is useful for rates integrated over transverse mo-mentum, but it is not designed to predi
t the transverse momentum distribution or otherdistributions sensitive to the region in whi
h the transverse momentum of the diphoton pairis small. Compared to a �xed-order 
al
ulation, su
h as dire
t photon pair 
al
ulation inDIPHOX, our 
al
ulation improves the theoreti
al predi
tion for event distributions whi
hare sensitive to the region of low QT . Furthermore, our 
al
ulation in
ludes the NLO 
on-tribution from the 
ombined gg + gqS 
hannel, leading to more a

urate predi
tions at theLHC, where the gg + gqS 
ontribution is generally not small.Only isolated, not in
lusive, photons are identi�ed experimentally. While it is straightfor-ward to de�ne an isolated photon in a given experiment, it is 
hallenging to devise a theoret-i
al pres
ription that 
an mat
h the experimental de�nition, short of �rst understanding thelong-distan
e dynami
s of QCD. The isolated diphoton produ
tion rate is modeled in theDIPHOX 
ode by in
luding expli
it photon fragmentation fun
tion 
ontributions at NLOa

ura
y. A short
oming of this approa
h (as well as of our method for treating isolation)is that one 
annot a

urately represent photon fragmentation without in
luding �nal-stateparton showering in the presen
e of isolation 
onstraints. There is inevitable ambiguity andun
ertainty in the 
hoi
e of the �isolation energy� used to de�ne an isolated photon the-oreti
ally for 
omparison with the isolated photon measured experimentally. As shown inSe
. III, the DIPHOX 
ross se
tion 
an vary by a large fa
tor in some regions of phase spa
eat the Tevatron when Eiso
T is 
hanged from 1GeV to 4GeV.Our approa
h is to 
on
entrate on physi
al observables whi
h are less sensitive to the frag-mentation 
ontributions. We apply the �
ollinear subtra
tion� pres
ription or the �smooth-
one isolation� pres
ription to de�ne an isolated photon in our 
al
ulation. We �nd good31



agreement with the data, ex
ept in the region with small Q and ∆ϕ < π/2, 
onsistent withour theoreti
al expe
tation that higher-order dire
t photon produ
tion and photon fragmen-tation 
ontributions 
an strongly modify the rate of diphoton pairs in this region. We suggestthat mu
h better agreement with 
urrent and future data will be obtained if an additionrequirement of QT < Q is applied. With this 
ut, the fragmentation 
ontributions are largelysuppressed. With the 
ut QT < Q 
ut applied to the Tevatron data, the enhan
ement atlow ∆ϕ and intermediate QT (the shoulder region) should disappear. We urge the CDF andDØ 
ollaborations to apply these 
uts in future analyses of the diphoton data.In our 
al
ulation, we identify an interesting spin-�ip 
ontribution (with cos 2ϕ∗ depen-den
e) in the gg 
hannel, 
f. Ref. [3℄, and we suggest that measurements be made of thedistribution of ϕ∗ as a fun
tion of QT . All-orders resummation of the gluon spin-�ip 
ontri-bution may be needed when a larger statisti
al sample of diphoton data is available.The 
ontributions from qg+ q̄g pro
esses be
ome more important at the LHC than at theTevatron, and 
al
ulations at a higher order of pre
ision may be warranted eventually. Toimprove the theoreti
al predi
tion in the region of phase spa
e with QT < Eiso
T and ϕ∗ ∼ 0or π, a joint resummation 
al
ulation is needed in whi
h the e�e
ts of both the initial- and�nal-state multiple parton emissions are treated simultaneously.Although we emphasize that better agreement of our predi
tions with data should beapparent if the sele
tion QT < Q is made, we also point out that the region QT > Q shouldmanifest very interesting physi
s of a di�erent sort. Additional logarithmi
 singularities ofthe form log(Q/QT ) are en
ountered in the region QT ≫ Q. These logarithms are asso
iatedwith the fragmentation of a parton 
arrying large transverse momentum QT into a systemof small invariant mass Q [27, 28℄, a light γγ pair in our 
ase. Small-Q γγ fragmentationof this kind is not implemented yet in theoreti
al models. Experimental study of the region

QT ≫ Q may o�er the opportunity to measure the parton to two-photon fragmentationfun
tion Dγγ(z1, z2).A
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ross se
tions used in our 
omputation.The fun
tions Aa(C1, µ̄), Ba(C1, C2, µ̄), Ca/a1(x, b; C1/C2, µ), and ha(Q, θ∗) are introdu
edin Se
. II. These fun
tions are derived as perturbative expansions in the small parameter
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αs/π:
Aa(C1, µ̄) =

∞∑

n=1

A(n)
a (C1)

(
αs(µ̄)

π

)n

; Ba(C1, C2, µ̄) =

∞∑

n=1

B(n)
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(
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π
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; ha(Q, θ∗) =
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n=0

h(n)
a (θ∗)

(
αs(Q)

π

)n

.The value of a perturbative 
oe�
ient F (n) for a set of s
ales C1/b and C2Q 
an be expressedin terms of its value F (n,c) obtained for the �
anoni
al� 
ombination C1 = c0 and C2 = 1.Here c0 ≡ 2e−γE ≈ 1.123, where γE = 0.5772 . . . is the Euler 
onstant. The relationshipsbetween F (n) and F (n,c) take the form
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. (A6)They depend on the QCD beta-fun
tion 
oe�
ients β0 = (11Nc − 2Nf)/6, β1 = (17N2

c −
5NcNf − 3CFNf )/6 for Nc 
olors and Nf a
tive quark �avors, with CF = (N2

c − 1)/(2Nc) =
4/3 for Nc = 3. The relevant O(αs) splitting fun
tions Pa/a1(x) are

Pq/q = CF

(
1 + z2

1 − x

)

+

; Pq/g =
1

2
(1 + 2x + 2x2); Pg/qS

= CF
(1 − x)2 + 1

x
; (A7)

Pg/g = 2CA

[
x

(1 − x)+

+
1 − x

x
+ x(1 − x)

]
+ β0δ(1 − x). (A8)The 
oe�
ients h(1)(θ∗), B(2), and C(1) depend on the resummation s
heme. The hard-s
attering fun
tion is

ha(Q, θ∗) = 1 + δs
αs(Q)

π

Va(θ∗)

4
+ ..., (A9)where δs = 0 in the CSS s
heme and δs = 1 in the CFG s
heme. The fun
tions Vq(θ∗) for

qq̄ → γγ s
attering and Vg(θ∗) for gg → γγ s
attering are derived in Refs. [12℄ and [13℄,respe
tively. 33



For the qq̄ + qg initial state, we obtain the following expressions for the 
oe�
ients A, B,and C:
A(1,c)

q = CF ;

A(2,c)
q = CF

[(
67

36
− π2

12

)
CA − 5

9
TRNf

]
; (A10)

A(3,c)
q =

C2
F Nf

2

(
ζ(3) − 55

48

)
−

CFN2
f

108
+ C2

ACF

(
11ζ(3)

24
+

11π4

720
− 67π2

216
+

245

96

)

+ CACFNf

(
−7ζ(3)

12
+

5π2

108
− 209

432

)
;

B(1,c)
q = −3

2
CF ;

B(2,c)
q = −1

2

[
CF

2

(
3

8
− π2

2
+ 6ζ(3)

)
+ CFCA

(
17

24
+

11π2

18
− 3ζ(3)

)

− CF NfTR

(
1

6
+

2π2

9

)]
+ β0

[
CF π2

12
+ (1 − δs)

Vq(θ∗)

4

]
;

C(0)
j/k(x) = δjkδ(1 − x); C(0)

j/g(x) = 0;

C(1,c)
j/k (x) = δjk

{
CF

2
(1 − x) + δ(1 − x)(1 − δs)

Vq(θ∗)

4

}
;

C(1,c)
j/g (x) =

1

2
x(1 − x). (A11)Here CA = Nc, TR = 1/2, and the Riemann 
onstant ζ(3) = 1.202 . . . . The C fun
tions aregiven for j, k = u, ū, d, d̄, . . .. These 
oe�
ients are taken from [12, 42, 43℄.Similarly, the A, B, and C 
oe�
ients in the gg + gqS 
hannel are

A(k,c)
g = (CA/CF )A(k,c)

q , for k = 1, 2, 3;

B(1,c)
g = −β0;

B(2,c)
g = −1

2

[
C2

A

(
8

3
+ 3ζ(3)

)
− CFTRNf − 4

3
CATRNf

]
+ β0

[
CAπ2

12
+ (1 − δs)

Vg(θ∗)

4

]
;

C(0)
g/a (x) = δgaδ(1 − x); C(1,c)

g/g (x) = δ(1 − x)(1 − δs)
Vg(θ∗)

4
; C(1,c)

g/qS
(x) =

CF

2
x. (A12)These 
oe�
ients are taken from Refs. [12, 13, 44, 45℄.Appendix B: COMPONENTS OF THE ASYMPTOTIC CROSS SECTIONSIn Se
. II B we introdu
e asymptoti
 small-QT approximations for the qq̄+qg and gg+gqSNLO 
ross se
tions,

Aqq̄(Q, QT , y, Ω∗) =
∑

i=u,ū,d,d̄,...

Σi(θ∗)

S

{
δ( ~QT )Fi,δ(Q, y, θ∗) + Fi,+(Q, y, QT )

}
, (B1)
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and
Agg(Q, QT , y, Ω∗) =

1

S

{
Σg(θ∗)

[
δ( ~QT )Fg,δ(Q, y, θ∗) + Fg,+(Q, y, QT )

]

+Σ′g(θ∗, ϕ∗)F
′
g(Q, y, QT )

}
. (B2)The fun
tions F in these equations are de�ned as

Fi,δ(Q, y, θ∗) ≡ fqi/h1(x1, µF )fq̄i/h2(x2, µF )
(
1 + 2

αs

π
h(1)

q (θ∗)
)

+
αs

π

{([
C(1,c)

qi/a ⊗ fa/h1

]
(x1, µF ) −

[
Pqi/a ⊗ fa/h1

]
(x1, µF ) ln

µF

Q

)
fq̄i/h2

(x2, µF )

+fqi/h1(x1, µF )

([
C(1,c)

q̄i/a ⊗ fa/h2

]
(x2, µF ) −

[
Pq̄i/a ⊗ fa/h2

]
(x2, µF ) ln

µF

Q

)}
; (B3)

Fq,+ =
1

2π

αs

π

{
fqi/h1(x1, µF )fq̄i/h2(x2, µF )

(
A(1,c)

q

[
1

Q2
T

ln
Q2

Q2
T

]

+

+ B(1,c)
q

[
1

Q2
T

]

+

)

+

[
1

Q2
T

]

+

([
Pqi/a ⊗ fa/h1

]
(x1, µF ) fq̄i/h2

(x2, µF )

+fqi/h1(x1, µF )
[
Pq̄i/a ⊗ fa/h2

]
(x2, µF )

)}
; (B4)

Fg,δ ≡ fg/h1(x1, µF )fg/h2(x2, µF )
(
1 + 2

αs

π
h(1)

g (θ∗)
)

+
αs

π

{([
C(1,c)

g/a ⊗ fa/h1

]
(x1, µF ) −

[
Pg/a ⊗ fa/h1

]
(x1, µF ) ln

µF

Q

)
fg/h2

(x2, µF )

+fg/h1
(x1, µF )

([
C(1,c)

g/a ⊗ fa/h2

]
(x2, µF ) −

[
Pg/a ⊗ fa/h2

]
(x2, µF ) ln

µF

Q

)}
; (B5)

Fg,+ =
1

2π

αs

π

{
fg/h1(x1, µF )fg/h2(x2, µF )

(
A(1,c)

g

[
1

Q2
T

ln
Q2

Q2
T

]

+

+ B(1,c)
g

[
1

Q2
T

]

+

)

+

[
1

Q2
T

]

+

([
Pg/a ⊗ fa/h1

]
(x1, µF ) fg/h2(x2, µF )

+fg/h1(x1, µF )
[
Pg/a ⊗ fa/h2

]
(x2, µF )

)}
; (B6)and

F ′g,+ =
1

2π

αs

π

[
1

Q2
T

]

+

([
P ′g/g ⊗ fg/h1

]
(x1, µF ) fg/h2

(x2, µF )

+fg/h1
(x1, µF )

[
P ′g/g ⊗ fg/h2

]
(x2, µF )

)}
. (B7)35



Expressions for the 
oe�
ients A(1,c)
a , B(1,c)

a , h(1)
a (θ∗), C(1,c)

a/a′ (x), and splitting fun
tions Pa/c(x),are listed in Appendix A. Summation over all relevant parton �avors a′ = g, u, ū,d, d̄, ...for a = q and a′ = g, qS for a = g is assumed. In addition, the ϕ∗-dependent part
Σ′g(θ∗, ϕ∗)F

′
g(Q, y, QT ) of the gg + gqS asymptoti
 
ross se
tion Agg 
ontains a splittingfun
tion

P ′gg(x) = 2CA(1 − x)/x, (B8)
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