Fourier transforms

m In this lecture we will: m A comprehension question for this
¢ See how Fourier series can be lecture:
written in exponential form. ¢ Show that the Fourier transform
¢ Introduce Fourier transforms. of the function:
¢ Look at some examples to try and F(x)=-1i11 -1<x<1,
gain a little insight into the = 0 otherwise,

Fourier transform. - 2
IS f () =——sin .
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Fourier series using exponentials

m The “standard” formulae for m ...so could re-write the formulae as:
finding Fourier coefficients are: T2 _ 2inmt
1 T2 =—jg(t) —— | |dt forn#0
a, == [ g(t)dt T2
T ~T/2 Wy =2,
T2 2nm m These contain the same information as the
=T ,[ g(t)cos T Lt standard formulation:
—T/2 T/2 _
T/2 2nmt | . . 2nmt
b, 2 J- a(t)sin 2n7c dt _—J/Zg(t) CoS| — = }+ISIH{— = Ddt
T -T/2 :
B T 2nTt .| 2nmt d
m Now exp[if] =cosO+isino... T j g(t)) cos —1sin T t
—T/2 =
=a, —1Ib,



Fourier series using exponentials

m Using this formulation, the Fourier series representation of the function
becomes:

g(t)=a, + i Re{wn exp(Zi_r;_ntﬂ.

m This gives us the required result because:
g(t)=a, + Z R({(an —ib, )(Cos¥+ 1sin 2r_1rntﬂ
n=1

=a, +Z(an cos¥+ b sin @j

m We can go one step further...



Fourier series using exponentials

Allow negative values of n.

We then see that, because cosine is
even and sine odd, we get
coefficients such that;

an = a—n

b, =-b

n —-N

We can then write our function as:

1 & 2inTtt
g(t):EnZwRe{wnexp( = ﬂ

The factor of %2 is needed as all terms
appear twice (once with negative and
once with positive n), except for the
case where n = 0.

This also allows us to use the same
formula to determine w, as all the
other coefficients, so:

W, :é _[ g(t)(exp{— Zi;]_ntht.

-T/2
Note that w, = 2a,.

(We may have to fix the w, calc. by
hand if n appears in the denominator,
as in the case of the square wave.)

This will make it easier to see the
relationship between the Fourier
series and the Fourier transform.

First, check it all works for the square
wave (with “fix” for wy!).




Fourier series using exponentials

m Square wave, top using exponential, m
bottom using standard Fourier series -
(both with 20 terms).
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Plot the coeffs w, as a function of n.

The real part (a,) is shown as blue
dots and the imaginary part (b,) as
red stars:
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The b, are all zero, as correspond to
sine (odd) terms and function is even.




Fourier series and transforms

m Fourier series can describe periodic m Square wave:
functions (e.g. square wave). 10
m Ifneed to describe single pulse (e.g. “top 05
hat”), need to move from using cosines .
and sines with frequencies 0, f, 2f, 3f. .. 7 041
to using full frequency spectrum.
m Make f continuous, so (schematically): v
27nt . 2nnt R )
g(t) = Zn:(an COS? +b, sin ?j O Tog hat:
—g(t) = ja(oo) cos ot + b(w) sin ot dw,
or g(t) :EZRe wnexp(zmntj g
2 T
()= [ w(w)exp(iot)do. .
27




Fourier series and transforms

m Conventional notation, is that Fourier

transform of a function f(x) is written:

f(o) = T f(x)exp(—iox)dx.

= Andthe original function can be
represented using:

f(x)= 2—171 T f (o) exp(iox)do.

m Look at an example, the top hat.
f() = [, (@) exp(-iox) dx

Transform

1

= —_iexp(—icox)
lo

-1

— __i(exp(—i(ﬂ) —exp(io) ).
o

m This can be simplified:

—_i(exp(—ico) —exp(in))
0
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Fourier series and transforms

m Now use the transform to represent
the orlglnal function:

f(x)=— j f (0)exp(iox)do.
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m Representation not perfect, because
Integration range reduced, equivalent
to taking only first terms in the
Fourier series.

m Fourier coefficients for square wave:
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Fourier transform for top hat:
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Using Fourier transforms

Similar example as for Fourier series.

How does an electronic pulse
respond to passage through a high- or

Describe the pulse using a Fourier

Apply the frequency dependent
function (filter) and evaluate the
inverse Fourier transform.

E.g. for low-pass filters, reduce range

H
low-pass filter?
H
transform.
H
H

of integration

f(x) = 2—1n j f (w)exp(iox)do

27tfiop

m Input:
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Using Fourier transforms

m For high-pass filter, omit central m Input:
region of integration: N
1 —2nfbot~ - {
f(x)=— | f(o)exp(iox)do+ |
(%) Zn_[o () exp (iex)
1 T f () exp(iox)do N )
21 2y, 00 e
m For other filters, multiply transform = Output: '
by function that represents required

1.01
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