Solutions September 2020 PHYS208

Max Klein Liverpool, 31.1.2020



Qla

Give brief explanations that distinguish the differences between each of the fol-
lowing pairs of statistical terms:

(i) systematic and random errors of an experiment

Ans. Systematic errors - non-repeatable, non-statistical fluctuation or offset on
values, that does not obey random statistics.

Random errors - fluctuations usually drawn from a Gaussian distribution; mean
converges to true value with repeated measurements.

(ii) standard deviation and standard error estimations

Ans - standard deviation is an estimate of the spread or width of a distribution
about the mean;

standard error is an estimate of the uncertainty in the knowledge of the mean
from the combination of all measurements (could give mathematical definitions
but not required).

(iii) subjective and empirical probabilities.

Ans - subjective probability is a degree of belief usually based on prior knowledge,
and is inherent in a Bayesian analysis of probability; empirical probability is based
on repeated experimental outcomes alone, and is part of the frequentist analysis
of probability.

A probability density P(z) is given by

P(z) = 6z — 627

over the region 0 < z < 1. Find the expectation value F(z) and the variance
V(z).

Ans - for E(z), integrate xP(z) giving 22* — 3z*. Put in limits x = 0,1 to give
a value E(x) =2—-3/2=10.5

For V(z), first evaluate the integral of x> P(x) over the same range,

giving [Sz* — 22°)5 = 3/2 — 6/5 = 3/10.

Variance = E(z?) — E(x)? = 3/10 — 1/4 = 0.05.

B+U3

U2






Py
My

Qilc 39

ll{" f [ur x+29(][ ¢4 xa2xX | Ax

1
vl
;ﬂi + X2 2 a% 4 g x7ax
! -

TR
& 7
b R s '

:l—t-_..\,.& \4_1.*

=5 Is

hfn= \/5— = 2.06

S(“*)?/ A -—fb, fﬁ’h{a\% iqe-‘x

1y - fX

0‘
o\[xe"b‘gﬁe +o{)(e_ :-:XE“— [X >
U

P ’5)|+-*"(‘€)€"‘)‘

7
=

5 %"’.J‘)*t‘(g —\-e,) (Q. ~ & ) G

v B &
1













Q2Ab

General starting point, including breaking up integral into two pieces [—1, 0] and

[0,1]

N = P) - f(z) = f_ (P(@) f @)
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Q2Bb

Briefly describe the use of maximum likelihood as a method of parameter fitting.
Under what assumption does maximum likelihood reduce to a x? analysis of
data? (3]

Ans - Maximum likelihood tests how likely data values are, given a specific model.
Mazximum likelihood gives the most probable values of model parameters for a

given data set. The likelihood function is the product of the probabilities of all
data points generated from a given model.
Mazximum likelihood is equivalent to a x? analysis when errors are Gaussian.

Ten temperatures are measured, each with an error of 0.2 K:

No. T(K)
10.3
10.2
9.7
10.5
9.6
9.9
10.2
10.0
10.1
9.9
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It is suggested that these measurements are all consistent with the mean value,
estimated from the data, of 10.04, and that the differences are simply due to the
measurement errors. Find x? and the number of degrees of freedom.

Ans - sum (value —10.04)2/(0.2)2 over the ten points = 1.69+0.64+2.80+5.20+
4.84+40.49+0.64+ 0.04 +0.09 +~ 0.49 = 17.7

Number of degrees of freedom = N —p=10—1=09.

What do you conclude about the suggestion (use the attached table of critical x?
values)?

Ans - from table of critical x? values, suggestion is excluded at the 5% level and
can be considered unlikely.

How would your conclusion change, if at all, if the original suggestion were that
all the values were consistent with a pre-determined mean value of 10.047

(Show all the working of your calculations.) [5]
Ans - using a pre-determined mean, p = 0, and we have 10 — 0 = 10 degrees of
Jreedom. From the table, this is only excluded at the 5 — 10% level; marginally
inconsistent but not firmly excluded.
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QZ B C Give an example from physics of a process that obeys Poisson statistics.

Ans - any counting experiment, e.g. radioactive decay, photon counting etc. u2

Q2Bd

The Poisson probability distribution is given by:

_we*
P(r)dL = -
Explain the meaning of the terms g and r.
Ans - p is the average rate of the events B1

r is the number of successes or events.

The only taxi company operating in an isolated town has twelve taxis. The
average number of people in the town who want to travel by taxi at any one time
is 10, and you can assume that this usage obeys a Poisson frequency distribution.

(i) On what proportion of occasions is at least one of the taxis in use?

Ans-p(r > 1) =1—p(0); p =10

p(0) = 12 C — 454 x 1075 U2
so one is free 1 — 4.54 x 107° = 0.99995 of the time.

(ii) On what proportion of occasions will a traveller find a taxi free for them to

make an immediate journey?

Ans - all 12 being in use implies r = 12, up = 10

p(12) = 1922 — 0.0948 U1
p(= 1free) =1 — p(12) = 90.52%

(iii) How many taxis would the company need to have to increase the probability

in (il) to more than 95%7?

Ans - by working through increasing values of r, find p(15) = 0.0347, i.e. proba- U1l
bility of a tarxi being free is 96.5% if there are 15 in total; it is below 95% for any
number smaller than this.






